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ALGEBRA. 


CHAPTER XTX, 
SIMULTANEOUS EQUATIONS. 


163. In Chap. x. we explained how problems may be solved 
by means of equations containing one unknown quantity ; but 
it frequently happens that the solution of a problem cannot be 
effected without the use of two or more unknown quantities. 
We shall now explain the methods by which the values of more 
than one unknown quantity may be determined from given 
equations. 


164. Consider the equation 7+y=7, which contains the two 
unknown quantities wv and y. . 

Here, since v=7 — y, it is clear that, for every value we choose 
to give to y, there will be a corresponding value of w. 


Thus, if ¥=9, « must equal 7. 
If Y=8, 8 ,, sg eet Ns 
If y¥=2h, x ,, » 4%, and so on. 


165. If the values of w and y, which satisfy the equation 


at deal DIP RE TTT Ser ed Pee OPE Gls, 
also satisfy another equation of the same kind, such as 
OPED i cilicds Tira citi caked evi « (2), 
we shall find there is only one solution. 
For from (1) we have L=7-y, 
and from (2) we have L=134+5y; 


and since the values of x in the two equations are to be the 
same, we must have 


13+5y=7-y; 
whence 6y= -6; 
that is, Y= -1. 
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If we now substitute this value for y in ether of the two 
given equations, we obtain v=8. 


Thus #=8, y=1 is the only solution possible if the two 
equations are to be satisfied by the same pair of values of x 
and ¥. 


166. Derrinirion. When two or more equations are satisfied 
by the same values of the unknown quantities, they are called 
Simultaneous Equations. 


167. Since such equations are simultaneously true, it is plain 
that any equation formed by combining them will also be true- 
for those values of the unknowns which satisfy the original 
equations. In combining the given equations our first object 
will always be to obtain an equation which involves only one of 
the unknown quantities. 


168. The process by which we get rid of an unknown quantity 
is called elimination, and it must be effected in different ways 
according to the nature of the equations given for solution. 


First Method. 
Example 1. Solve 32+ Ty =27 
Os0 Pay 16 ancl x eae aac eae (2). 


To eliminate x we multiply (1) by 5 and (2) by 3, so as to make 
the coefficients of x in both equations equal. This gives 


15x + 35y = 135, 
lbx+ 6by= 48; 


subtracting, 297 == S87 * 
Y=S. 
To find x, substitute this value of y in either of the given equations. 
Thus from (1) 3% +21=27 ; 
v= 2. 


Therefore the complete solution is x=2, y=3. 


Note. When one of the unknowns has been found, it is immaterial 
which of the equations we use to complete the solution. Thus, in 
the present example, if we substitute 3 for y in (2), we have 


5x+6=16; 
x=2, as before. 
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Example 2. Solve SOR LONE: © SRSA Sa AIO RON a) (1), 
Bee Me ae note yc Ney ae, (2) 


Multiplying (1) by 2, l4z+4y=94, 
and from (2), dx-—4y= 1; 
adding, 19x = 95 ; 
Substituting this value in (1), x 
35+ 2y =47; 
and eA 5, 
Note 1. By comparing the second step in Example 2 with that in 


Example 1, the pupil will see that he must add when the coefficients 
of one unknown are equal and. unlike in sign, and subtract when the 
coefficients are equal and Jike in sign, 


Note 2. The solution should be verified by substituting in both 
equations the values obtained for the unknown quantities, 


EXAMPLES XIX. a. 


Solve the equations : 


1, «+y=6, 2 ys 3% %«¢+y=12, 
aay 2, Cy = 3, ty G, 

4, x+y=16, oS): Ma eseG, 6. x+y=40, 
x-y= 0. x+y=19. Ven G: 

7. 2¢+3y=9, 8. 3x+2y=13, 9. 42+3y=7, 
2x — 3y=3. au —2y= 5, 4x -3y=1. 

10. x+2y=4, ll, 2e+y=23, 12, «+3y=38, 
2x +3y="7. 4x —-y=19. 3x- y=24, 

13, 2«+5y=18, 14, 7x¢+5y=45, 15. 3y-T7x= 1, 
3x +2y=41. 24~—3y= 4, 4y+ 2=53. 

16. 2x¢+7y=31, 17, 2e-8y= 21, 18 3x+5y=964, 
3x —-Sy= 0. 4x + 9y=117. 6x-7y= 1. 

19, 7x*+3y=10, liy-— 6c=36, 21. 1l4r+ 9y=19, 
35x“ -6y= 1, Ty +24x= 9, 9e+14y= 4. 

22, 137+1ly=70, DY ~ 3x =85, 24, 17x+ 9y= 74, 
llz+13y=74., 12y + 5x”=21, 13a —1lly=146, 
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Second Method. 


169. The elimination of one of the unknowns may also be 
effected by the method given in the following example. 


Example. Solve Dar = By + oes eeeeseeseseeeree es jie es (1), 
DA "ot BY (ga ate eaeitiec cove age 


Here we can eliminate x by substituting in (2) its value obtained 
from (1). Thus 


Substituting this value of x in (2), we have 


24 — J 5y + l)=3ys 


ae 48 — 35y —-7=6y; 
- 41=4ly; 


Sa ty poms BA 
and from (1), x=3. 


EXAMPLES XIX. b. 
Solve the following equations by using the “Second Method”: 


1. 2+y=18, 2 Be DY 80s 3.0 eH sy—2. 
3y — ~=38. 6y — 5x=30. 9y =4a — 7. 
4. 32= 7+y, 5. Ta —2Qy=0, 6. .4x+3y= 0, 
5a —-41=9y. 13a —3 = Sy: 5y + 53= 11x. 
7.  du+9y=37, 8. 3x+2y=118, 9, 9x+5y=65, 
Ty — 3x=15. x+5y=191. lle —Ty=27. 
10. 17x-8y= 4, 11. Tx =3y, 12° 32+19= 4y, 
62 =5y+ 21. 13+ 2y=9x. 7x +27 =18y. 
18. > Ou 15y=77,* 14... 72> Sy 3; 15, 12%+9 =y, 
2 
Via —y=% Qy=21 + 5a. 18y — 52=563. 


16, Se+3y—-15, 17. Tw=l0y+4, 18, 9x-l6y=45, 
lla - 5y=62. 124% + 18y=1. 13x -17y=10. 
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Third Method. 


170. The method, explained in the following example, may 
be sometimes used with advantage. 


Example. Solve 4 Y= 10 32.2 ONS See Dd heaton ek (1), 
OU EMC Tiel, ¥ ES Oe) aap ROM Ae, BH SR Ge (2) 
From (1), by transposing, we have 
y=10-42; 
and, from (2), 
_ 47-52 
a 
Equating these two values of y, we have 
10 Re Ayaitt - 5x 
or 70 — 28x%=47 -—52; 
DO DX + 
Py vn? 
and from (1), y=: 


EXAMPLES XIX. c. 
Solve the following equations by the “Third Method” : 


Lives] G= 3, Col ae yoyo, oso = 9713, 
5a + 2y=16. 4x — 5y=29. 6x+3y= 3. 

4, ta+5y= 1, 5. 4x+9y=47, 6,2 1s —2e=3y, 
oa+Ty=11. 5a — 4y= 13. 23 — 8y=72. 

7, 9e-lly=15, 8. 2lx-10y=109, 9, 23x-lly= 1, 
7x — 13y=25. Ide — Jy= 61. lix+ Ty=29. 

10. l/x- 9y=15, 11. 9x-25y=61, 12. 12y+17a= 35, 
4x + 13y=64. llx+36y= 8. lly — 18x=200. 

13, 23y-13%=36, 14, 20y-7r=141, 15, 138y+147= 59, 
25y + lla=14. lly + 5x =228. lly+19x=100. 


16. 27y-5x2=303, 17. 17x+10y=104, 18, 19y=12x-6l, 
19y+9x”= 63. 5a — 24y = 300. l7y= 5x-89. 
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171. Any one of the methods given above will be found 
sufficient ; but the work may sometimes be shortened by an 
arithmetical device. 


Example. Solve DBar — BBY H QZ. ccicevacerdensseessmernposecrs (1), 
63x — SEY H1T .... cnc ceceseenensecoeseenenoars (2). 
Noticing that 28 and 63 contain a common factor 7, we shall make 


the coefficients of « in the two equations equal to the least common 
multiple of 28 and 63 if we multiply (1) by 9 and (2) by 4. 


Thus 252x — 207y = 198, 
2520 —-220y= 68 ; 
subtracting, 13y = 130 ; 
that is, y= 10, 
and therefore from (1), ox 9. 


172. Sometimes it will be necessary to simplify the equations 
before applying any one of the methods of solution. 


Example 1. Solve 5(a%+2y) — (8a + lly)=14 ...... eee eeeeee eee (1), 
7a — Dy — 3 (a — 4Yy) =38 .... cece ceeeee eee sen ees (2). 
From (1), 5x+10y —-3x-lly=14; 
tS Ratan ty ats TA ca asky bandanas erry (3). 
From (2), Tx —9y —3x+12y=838 ; 
*, A+ BY HBB oo ccecncseeenaseusnecss (4). 
From (3), 6a — 38y= 42; 
adding, 10x =80 ; 
ee Ge es Sy 
and from (3), f= 2. 
Example 2. Solve Tae — "Bape VDT Diu), He cevews Gov tym den paceanne (1), 
Dont “OGY = larg Tis stot tens oem ek 


First clear of fractions by multiplying both equations throughout 
by 100. Thus we have 


700% = SOY = 1275 sansa asectenenet stead ones (3), 
20 a2 +, By SLOD: ii. s ces eck et sanven agitate (4). 
Diwiding (3) by 5, 140x — 6y = 255 ; . 
adding, 160x = 360 ; 
ene ee or, 


and from (4), y=10. 
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173. When the 
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value of one of the unknowns has been 


found, instead of substituting this value to find the value of 
the second unknown, it will sometimes prove easier to employ 


the process of Elimination. 


Example. Solve 32-2 7 ae go seas sk 
dy+4 1 
Y Bere By wilccidie 


Clearing of fractions, we have 


from (1), 42x -2y+10=28x-21; 
Be ola) fee | eae ae 
and from (2), 9y + 12-10x%+25= l5y ; 
ek Oa Gs SREY et 
Eliminating y from (3) and (4), we find that 
w= ~ 1715. 
Eliminating x from (3) and (4), we find that 
y=736- 


EXAMPLES XIX. d. 


Solve the equations : 


1, 22¢- 9y= 17, 2 14%-27y=2, oo3 
33x + 16y=114, 192 — 36y = 4, 

4, 392+ Ty=107, 5. 9y+28x=26, 6. 
52x +1ly=131. dy — 42x = 72. 

7%. 9y= 494237, 3 25y —34a=227, 9, 
76y = 102 - 132. 9y — 85x = 300. 

10, 3x -y=23, 11, 2x-3y=24, 12. 
Se o@ V 210 
a CE ae 

13. 12+ 7y=21, 14. i =%, 15. 
8y ~ 9x =18. 18x - 20y =3. 

16. 7o=32+%, 17 ly+18e=3, 18, 
By =11 45%, 12% +13y =, 

5 6 
A.E.S, III A3 


13x + 35y =25, 
11x +28y = 26. 
192 + 45y = 36, 
17x + 30y =63. 
lla —45y=211, 
24a + 75y = 114. 


27x — 8y=102. 
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Solve the equations : 


lla-5y 3x+y Leet oa ais 
19. ire ag 20. 5( 2)=7(1-y) 
8x —-5y=1. 26x+ 3y+4=0. 
Qi. 4(a—2y)-(5a+3y)=30, = 22, 11 (2x +3y)-3(y —- 4x) =27, 
3(8a + Ty) —2(«@+9y) =12. 6 (5a — y) — (3y — 14xv) = 19. 
od 8e +1 Qa-y  2y-x | 2y = 25 6-2 2(y—7) 
25; re 7 ae 2 ae 8 5] 24. a i scares 1 gy aan b] 
de —-2 4y-5x x+y 29 ee by 4 Ae 
Ome et os 8 Op chet 
5u-18 3a+2y 5y—4x 3u—4y 4x-3y __ 
OF. 35a 1 by =21, OS) Do Ay = 1-2, 
Tx + 6y =68. : 3°42 — ‘02y= 01. 
99, 3a+ By — -5(a— y)=35, 30. ‘1é6x+05y-‘1=145) 
2 ; “YRS eae wha 
Toy — 5+ °6(3x ~2y)= 115. 4y + 083x — 4=330- 


174. Derrnition. If the product of two quantities is equal 
to unity, each quantity is said:to be the reciprocal of the other. 
Thus the following pairs are reciprocals : 

3 and; pond age 
3 ena a 
Simultaneous equations may often be conveniently solved by 


taking the reciprocals of zand y, that is 1 and zs as the unknown 


quantities. | 
_ Example. Solve ee, eee Gb alien (1), 
tc Ml ey 
10. 6 : 
eT weeeteeteseeerensenmear ene tseees (2) 
Multiplying (1) by 2, and (2) by 3, we have 
Sel Ce Atos 160 18 dg 
eee oY Saris 
3 a : SaaS ° =", Bee OSes 
eg lok a uieu 
al 4 = toe g ve ie N — 
#7 adding, aes Se 
Os at air ge aia SMM a 
‘tumultiplying up, 4°. o} 46 = 232 ; 
* ge ~4. : ads: $ . x= 2s 
‘ Lama slibstituting/in (1); f y=3.. 
\ b nf eit. e-Taiacs ve it 
Pet dats it on™ Pad 


‘ % e 
Lint gt 


Dany da 
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EXAMPLES XIX. e. 
Solve the equations : aX 


Peet ip 9g Lalo ae od, 
wy Seas) YY ls ef lo e 
4 Ses | ry 2G $s 
—--= * —-—=13 —+—=5 
ey ae I Es OF 
eS eg: Bo, og. Give fig: 
“ey RA ee 
apy 2 167. bo 2 193. 
xy BB" Bree Fe Bea 
Oris ee S 24 55 2 3 41 
7, 2-4}, 8 542-8 9. oy a8 
i ee 
Lee eee na Mae ana 
a Y x y 10 2c y 70 
2 16 f 
ey teak sty=l pitas, 


175. An easy extension of the foregoing methods will enable 
us to solve simultaneous equations containing three unknown 
quantities. It will be found that in order to solve simultaneous 
equations which contain three unknowns we must have three 
equations. The method of procedure is conveniently embodied 
in the following rule : 

Rule. Lliminate one of the unknowns from any pair of the 
equations, and then eliminate the same unknown Jrom another 
pur. Two equations involving two unknowns are thus obtained, 
which may be solved by the rules already given. The remaining 
unknown is then found by substituting in any one of the given 
equations, 


Example. Solve 7a + by -T2z= -8....... YO EOS 
Be + 2y = 32=0 22363655, f 
ox — 4y+42=35 ..... £4. 
Choose y as the unknown to be eliminated. 
Multiplying (2) by 5, 207+10y-15z=0; 
multiplying (1) by 2, l4x+10y-142= -] 
subtracting, 62-z=16 ..%. eS eeakeryss ‘4 
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Multiplying (2) by 2, 
from (3), 
adding, 

Multiplying (4) by 2, 
subtracting, 

Substituting in (4), 
substituting in (2), 
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8a+4y —-6z=0; 

5a — 4y+4z2=35 ; 
U3 3722 DOU ates woe rape ares ees (5). 
Lise Meander 9A 


EXAMPLES XIX. f. 


Solve the equations : 


Leoet yt 204; 
24+3y- z= 0, 
3x + 4y +2z2=17. 

Gee yee 8; 
5a —3y+2z= 3, 
Te+ yt+3z=20. 

by ba dy + 2=)3, 
30+ y-22=3]1, 
w+ 4y + 2=165, 

a. 5z - 38x =4(1+y), 
2(«+2z)=8+3y, 

2y+3z2=14-2. 


2. et+y- 2= 8, 
4 —y+3z=26, 
22 -+y —4z=. 8. 
4, 3u+y- 2= 3, 
20 —y+3z=20, 
Feoty+ 2=23. 
6. 4x-5y+62=3, 
8x — Ty —3z=9, 
7x —8y+9z2=6. 
8. et ee 27, 
9x7 + 3z=8y, 
2x + 3y + 52 =36. 
10. se tayt geal, 
Paced 


1 
BY tar gr=8; 


net ge=10. 


11. yte—e=2te—By=h(e+y—-%)=1. 


] 


12, x+z- a5 (w+ 42 -8)=5 (04 92-27) my 


3 
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Simultaneous Equations with Literal Coefficients. 


176. The following examples will be readily understood 
provided the pupil bears in mind that the literal coefficients 
represent snown quantities, and must, therefore, appear in the 
solution. 


Example 1. Solve the simultaneous equations : 
OE ADY se CoC eA MEAN, RR) ye (1), 
DE SY ae Wee oaden etnio octane tase MOR GRR cae (2). 
Multiplying (1) by q and (2) by }, to eliminate y, we have 
agu — bay =cq, 
bpx + bgy=br ; 
adding, (aq + bp)x=cq+br; 
_¢qt+br 
ara 
We might obtain y by substituting this value of x in either of the 
equations (1) and (2)4 but y is more conveniently found by eliminat- 
ing x, as follows. 
Multiplying (1) by p and (2) by a, we have 
apex — bpy=cp, 
apx+aqy=ar; 
subtracting, (aq+bp)y=ar-—cp; 
_ ar-cp 
—aqtbp 


Be. 


_ Example 2. Solve a(x ty Oley) = De..00 ay tee fh (1), 
sie leat Aceh g boot 2) Rn IN en (2). 
From (1), ax + ay — bx +by=2a; 
ie eh) + alot) Sai ye a ed (3). 
From (2), ala? + 0?) —~y (a? = ba 4abo eo: (4). 
Multiplying (3) by a—b, we have 
x(a — b)* + y(a? — b?) = 2a? — Qah, 


From (4), x (a? — b*) — y (a? — b?)=4ab ; 
adding, x (a? — 2ab + b? + a? — b?) = 2a?+ 2ab, 
or : x (2a? — 2ab) =2a(a+b); 


,—24(a+b)_a+tb 
— 2a(a-b) a-b 
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Substituting in (3), 


or 


1B 


i 


13. 


15. 


17. 


a—b 


at b 
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a—b)+y(a+b)=2a, 


y(a+6)=2a—-(at+b); 


_a-6b 
fiers erty 


EXAMPLES XIX. g. 


Solve the equations : 


ax + by =2ab, 
ba —ay=b? - a?. 


a(x—a)=b(y— a), 
b(a+b)=a(y +b). 

ba — ay =b?, 

(a—b)x+ by=a?. 

v Y¥_9 

ad ; 

aw — by =a? — b?. 
a(~v+y)+b(« -y)=2ab, 
a(x+y)—b(«—-y)=ab. - 
a-b a+b 2(a?+b?) 


poate. 


= 
alts 


10. 


12. 


14, 


16. 


18. 


2bx — ay=ab, 
ba + 2ay =3ab. 
ax +by=a*+ab, 
ba t+ay=ab+b’. 


qu —py+q?=0, 
(pt+q)x+qy=p 
og 
on Oh ae, 
ax —by=a-b. 
(a2 + 6?) (2 —1)=ab(2x -y), 
4y=y+2. 

x A yo BaD 
a—b'atb at—b? 
Ere FG, } 
a+30 -a@—3) 2% 
Os 
as acon 

x apse ae 
mets, Tepe oe 
m n 
— FH a, 

Bi Oe, 
ee ee, 
ey 
lxn=my, 
a b 


CHAPTER XxX. 
PROBLEMS LEADING TO SIMULTANEOUS EQUATIONS, 


177. Iw the last chapter we have seen that there must always 
be as many equations as there are unknown quantities whose 
values are to be found. Consequently, in problems which may 
be solved by using simultaneous equations, there must be as 
many independent conditions, each of which can be stated in 
the form of a separate equation, as there are quantities to be 
determined. 


Example J. Three-fourths of the sum of two numbers is 57, 
and if the greater be subtracted from three times the less the 
remainder is 40; find the numbers. 


Let x be the greater number, and y the less. 


From the first condition, : (2+y) =57, 
or LEE hy) a Eo! RR a i SOB ee ye (1). 
From the second, IM de AO a BPE de Oe gee tie (2) 
Subtracting, we obtain 4x =188 ; 
E47 5 
and from (2), y = 29. 


Thus the numbers are 47 and 29. 


Example II. If unity be subtracted from the numerator of a 


certain fraction, and 2 added to the denominator, it reduces to 2; if 
3 be added to the numerator, and the denominator be multiplied by 


2, it reduces to. What is the fraction? 
Let x be the numerator of the fraction, and y the denominator ; 


then the fraction is ~. 
y 


From the first supposition, 


z~i 2 
YD Qtr (1), 
from the second, as As Sn EE a (2). 
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Multiplying up, we have from (1), 


3x —-3=2y +4, 
or Bat SS Day aT a as Sioa ara ea eee (3), 
and from (2), 5x+15=6y, 
or 5a = By So A tees encee e's Ba en (4). 
Multiplying (3) by 3, Ox 6y aes 
subtracting, 4x= 36; 
heed: § 
and from (3), Ai iAD 


Therefore the fraction is 7 


EXAMPLES XX. a. 


1. Find two numbers whose sum is 25, and whose difference is 7. 
9, Find two numbers whose sum is 61, and whose difference is 15. 


38. One-fourth of the sum of two numbers is 13, and one-sixth of 
their difference is 3; find them. 


4, One-seventh of the sum of two numbers is 6, and four times 
their difference is 64; find them. 


5, Find two numbers which are such that twice the greater 
exceeds three times the less by 10; and such that one-fifth of the 
greater is less than 20 by one-third of the less. 


6, Find two numbers such that one-third of the greater exceeds 
one-half of the less by 1, and one-fifth of the greater added to one- 
sixth of the less equals one-half of the less. 


7, The difference of two numbers is five-sixths of their sum, and 
the greater exceeds 10 times the less by 3; find the numbers. 


8, One man said to another: “If you give me half your money I 
shall have £5.” The other replied ‘‘I shall have £5 if you give me a 
third of your money.” How much had each? 

9, Find a fraction which becomes equal to 4 if 1 be subtracted 
from both numerator and denominator, and equal to = if 1 be added 
to both numerator and denominator. 


10. Find a fraction such that, if its numerator be diminished by 
unity, it reduces to $, and becomes equal to 2 when the numerator , 
is increased by 5 and the denominator diminished by 6. \ 

11, If 4 be taken from the denominator of a certain fraction it 
reduces to 1; if the numerator be multiplied by 3, and the denomina- 
tor increased by 5 it reduces to 3. What is the fraction ? 


12, Add 1 to the numerator and denominator of a certain fraction 
: 4 ‘ : ‘ 
and it reduces to 5; subtract 5“from each, and it reduces to +: 


? 


required the fraction. 
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Example III. Five cows and nine sheep are worth £102, while 
6 cows and 7 sheep are worth £111; find the value of a cow and a 
sheep respectively. 


Suppose a cow to cost x pounds, 
and & sheep: 5°35; 
Then from the question we have 
oe ou a8 1 he eal ele Rien ve ecee ea (1), 
Cot Bre A eb adds tease tee (2). 


Multiplying (1) by 6, and (2) by 5, we have — 
30a + 54y —612, 
30x + 35y = 555. 


Subtracting, 19y= 57; 
Wis Oe Oe 

Substituting in (2) 62+21=111; 
Sees tS, 


the cost of a cow is £15, and the cost of a sheep £3. 


Example IV. A certain number of persons paid a bill ; if there 
had been 12 fewer each would have paid ls. 6d. more; if there had 
been 8 more each would have paid 6d. less: find the number of 
persons and what each had to pay. 

Let x be the number of persons, and y the number of shillings 
paid by each. 

Then the total number of shillings paid is x. y. 

If (x — 12) persons paid (y+14) shillings each, 

the total number of shillings paid =(x — 12)(y +13) 
and if (z+8) persons paid (y—+) shillings each, 
the total number of shillings paid =(a+8)(y— 4). 


. 
’ 


PRY = IVY SY ois eiee te elscccsoos.,. (1), 
and Ys BMWS SV odie sas osckds cde, (2). 
From (1), ay =xy +15x-12y-18; 
that is, 3x — 24y = 36, 
or RO Me Mee ie abit educs pechaess catiiek. idk, (3). 
From (2), xy =xy - 5+ 8y-4; 
that is, ie EO Ae ESA oh igh Sa edva wu Seduce ove crease) ove (4). 


By combining (3) and (4) we findgthat «=32, y=23. 


Thus there were 32 persons and each paid 2s. 6d. 
A.E.S, U1. A4 
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13, A horse and a cow are together worth £42 ; while 4 horses 
and 7 cows ‘cost £213: find the price of each animal. 


14. If either 9 horses and 7 cows, or 6 horses and 13 cows, can be 
bought for £300, what is the price of each ? 


15. Aman sells 15 animals, consisting of horses and sheep, for 
£275. If the price of a horse is £45 and of a sheep £5, how many 
of each did he sell? 


16. If 10 lbs. of tea and 8 lbs. of coffee cost £1. 16s. 6d., while 
6 Ibs. of tea and 5 lbs. of coffee cost £1. 2s. 3d. ; find the price per 
pound of tea and coffee. 


17. The wages of 24 men and 16 boys amount to £5. 16s. per 
day ; half that number of men, with 21 more boys, would earn the 
same money. What are the daily wages of each man and boy ? 


18. I buy two pieces of cloth for £25. 6s., one piece being 16s. 
and the other 18s. per yard. I sell them at a profit of 2s. per yard, 
and gain on the whole £3. How long was each piece? 


19. Acertain number of persons paid a bill; if there had been 
10 more, each would have paid 1s. less; if there had been 5 fewer, 
each would have paid 1s. more: find the number of persons, and 
what each had to pay. 


90. Acertain subscription is raised in a boys’ school; had each 
boy given a penny less, the money would have been obtained from 
20 more, and if each had given 2d. more, from 25 fewer subscribers. 
How many contributors were there, and what did each give? 


91, A fruiterer packs a certain number of oranges into some 
boxes; if he could put 20 more oranges into each box, he would 
require 3 boxes less, and if 5 less into each box, 1 box more: how 
many oranges does he pack, and how many boxes does he use? 


92, If the breadth of a certain rectangle were increased by 
5 yards, and its length diminished by 10 yards, its area would be 
increased by 200 square yards; whilst if its breadth were diminished 
by 5 yards, and its length increased by 15 yards, its area would be 
lessened by 75 square yards. What are its length and breadth? 


93. A sum of money is to be divided equally among a certain 
number of boys. If there were 3 boys less, each would receive 
exactly 2s., and if there were 2 more, each would get only Is. 6d. 
How much money is there for division, and how many boys are 
to share it? 


94, A sum of money is to be equally divided among a certain 
number of persons. If there had been two more persons, each would 
have received exactly 2s., and if there had been one less, each would 


have received 2s. 6d. Among how many persons was the money 
divided ? 
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178. In a problem involving the digits of a number the 
pupil should carefully notice the way in which the value of a 
number is algebraically expressed in terms of its digits. 

Consider a number of three digits such as 435. The sum of 
the digits is 4+3+5, but the place value of the digit 4 is 4 x 100, 
and that of the digit 3 is 3x10. Thus the value of the number 
is 4x 100+3x10+5. Similarly a number whose digits, begin- 
ning from the left, are x, y, z 

=w hundreds + tens +2 units 
. = 100z + 10y +z, 
whilst the sum of its digits=v+y+z. 
Example. A certain number of two digits is three times the 


sum of its digits, and if 45 be added to it the digits will be reversed; 
find the number. 


Let x be the digit in the tens’ place, y the digit in the nnits 
place; then the number will be represented by 10x+y, and the 
number formed by reversing- te digits will be represented by 
10y + x. 

The sum of the digits is v+y. 

Hence we have the two equations 


UN eyo 1 oe oh 4 aan NA Ra RA aaa Be tel (1), 
and LORY + SEO ee ie bei sun does couks (2). 
From (1), e=2Qy: 
from (2), y—x=5, 


From these equations we obtain x=2, y=7. 
Thus the ntmber is 27. 


EXAMPLES XX. b. 


1. A number of two digits is such that if 19 be added to it the 
digits will be reversed ; if the sum of the digits is 7, find the number. 

2. A number of two digits is equal to eight times the sum of its 
digits; if 45 be subtracted from the number, the digits will be 
reversed : find the number. 7: 

3, A number of two digits has its digits reversed if 18 is taken 
from it ; the sum of the digits is 12; find the number. 

4, A certain number of two digits is two-ninths of what it would 
be if the digits were reversed. If the number is increased by the 
sum of its digits the result is 27 ; find the number. 

5. A number of two digits exceeds four times the sum of its 
digits by 3; if the number be increased by 18, the result is the same 
as if the number formed by reversing the digits were diminished 
by 18. Find the number. 
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6. Two numbers are formed by the same two digits, and if the 


lesser number be divided by the greater the quotient is 7, and if 
the lesser be subtracted from the greater the remainder is 27. Find 
the numbers. 


7. Acertain number consists of two digits. If 5 be added to the 
number, and the result divided by the units’ digit, the quotient is 
6; and if 10 be subtracted from the number, and the remainder 
divided by the sum of the digits, the quotient is 3. What is the 
number ? 


8. Of a number consisting of two digits the units’ digit is the 
greater. If the number is increased by 3, and the result divided by 
the difference of the digits, the quotient is 30; and if it is diminished 
by 48, the remainder is equal to three-fourths of the sum of the 
digits. Find the number. 


179. The following examples contain some special features, 
and should be carefully studied by the pupil before he works 
through the miscellaneous problems of the next exercise. — 


Example I. I spend 3s. in buying apples at 4 a penny and 
oranges at 3 a penny, and then dispose of three-fourths of my apples 
and half of my oranges for 2s., which was a penny more than they 
cost me; how many of each did I buy? 


Let « be the number of apples and y the number of oranges. 


x apples. cost 1 pence, 


and y oranges cost 3 A 


hence eA 
4t3 36, 
or 3x + 4y =432 0... PICS a crs AB BRT ta 94 (1). 
7 apples cost 2s or oe ence 
4 4 eer dG? 
1 
and 5Y oranges cost ae or & pence. 
But, by the question, these together cost 1s. 1ld., hence 
oe Y 
1676 23, 
or De Bye TO oe Ca Cena en (2). 


By combining equations (1) and (2) we obtain x=80, y=48. 
Thus there were 80 apples and 48 oranges. 
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Example II. Two persons, 27 miles apart, setting out at the 
same time are together in 9 hours if they walk in the same direction, 
but in 3 hours if they walk in opposite directions ; find their rates 
of walking. 


Suppose the faster walker goes a miles per hour, 


and 29 slower ” » Y 29 ” 


When they walk in the same direction the faster walker gains on 
the other (x -—y) miles per hour ; and in 9 hours he will gain 9(2 - y) 
miles. 


Therefore 9(x - y) =27, 
or TY ee Ase e's tots Sea eeuat Paw pa ose (1). 


When they walk in opposite directions they lessen the distance 
between them by (a#+y) miles per hour, and in three hours this 
decrease is 3(a+y) miles. 


Therefore 3(x+y)=27, 
or cote eae SPR pat hse onde e ERA oe aE aE (2). 
From (1) es 1 8S 


whence we find x=6, y=3. 


Thus the rates of walking are 6 and 3 miles per hour respectively, 


Example III. A grocer buys 15 lbs. of. figs and 28 Ibs. of 
eurrants for £1. 1s. 8d.; by selling the figs at a loss of 10 per cent., 
and the currants at a gain of 30 per cent., he clears 2s. 6d. on his 
outlay ; how much per pound did he pay for each? 

Let x, y denote the number of pence in the price of a pound of 
figs and currants respectively ; then the outlay is 


(15% +28y) pence. 


Therefore BORE OY SUB oF ich ved Has keh avindest aztacs (1). 
The loss upon the figs is 0% 15x pence, and the gain upon the 


currants is = x 28y pence ; therefore the net gain is 


5 2 
4 eae 
Se 
that is, AE Oe ROD ic abc 674 Spa kay ve aei ad vai vdhe'e (2). 


From (1) and (2) we find that x=8, and y=5, that is the figs cost 
8d. a pound, and the currants cost 5d. a pound. 
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EXAMPLES XX. c. 


1. Ispend 3s. 4d. in buying eggs at 2 for ld., and apples at 3 for 
ld. If I were to sell them all alike at the rate of 20 for ls., I should 
gain ls, 2d. How many of each did I buy ? 


2. By purchasing pen-holders at 8d. a score, and lead pencils at 
9d. a doz. at a total outlay of 5s. 5d., and selling them all at a 
uniform price of 11 for 8d., I gain ls. 3d. How many of each did 
I buy.? 


3. Aman sold one sort of oranges at 5 for 2d., and another sort 
at 16 for 1s. If he had sold them all at a half-penny each, he would 
have received 2d. less; if he had sold all at 3 for 2d., he would have 
received ls. 6d. more. How many of each sort did he sell? 


4, On Monday a hawker disposes of the whole of his stock of 
boot-laces at 6 for 24d., and four-ninths of his stock of buttons at 6 


for led., the proceeds amounting to 3s. 6d.; and on Tuesday he 
sells the remainder of the buttons at the same price, for 1s. 3d. less 
than he received for the boot-laces: with how many of each did he 
start out on Monday ? 


5, At 9 a.m. a man starts from A and walks continuously at 


the rate of 35 miles per hour to meet his friend, who starts at the 
same hour from 5, 56 miles away. If the latter walks at the rate of 
4 miles per hour, but stops an hour by the way, when and where do 
they meet ? 


6. A, Band C travel from the same place at the rates of 5, 6, 
and 8 miles an hour respectively ; if B starts 2 hours after A, how 
long after B must C start in order that they may overtake A at the 
same instant ? 


_ 7. A boat goes up-stream 30 miles and then down-stream 44 miles 
in 10 hours, and it also goes up-stream 40 miles and down-stream 55 
miles in 13 hours; find the rate of the stream and of the boat. 


8, Find the distance between two towns when by increasing the 
speed 7 miles per hour a train can perform the journey in 1 hour less, 


and by reducing the speed 5 miles per hour can perform the journey 
in 1 hour more. 


9, A train travelled a certain distance at a uniform rate. Had 
the speed been 9 miles an hour more, the journey would have 
occupied 3 hours less ; and had the speed been 6 miles an hour: less 
the time taken would have been 3 hours more. Find the distance. 


10. A person buys 20 yards of cloth and 25 yards of canvas for 
£1. 17s. 6d. By selling the cloth at a gain of 15 per cent. and the 
canvas at a gain of 20 per cent. he clears 6s. 3d.; find the price of 
each per yard. 
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11. <A dealer spends £760 in buying horses at £24 each and cows 
at £20 each; through disease he loses 20 per cent. of the horses and 
15 per cent. of the cows. By selling the remaining animals at cost 
price he receives £628 ; find how many of each he bought. 


12. An income of £160 is derived partly from money invested at 


35 per cent. per annum, and partly from money invested at 3 per 
cent. per annum; if the investments were interchanged the income 
would be £165. How much is invested at each rate ? 


13. A boy has 6s. with which he is to buy two kinds of note 
books. He finds that if he asks for 11 of the smaller size and 13 of 
the larger he will require 2d. more; if he asks for 13 of the smaller 
and 11 of the larger he will have 2d. over. Find the price of each 
kind. . 

14. A certain sum of money is divided among A, B, and C. B’s 
share is sixpence more than half the sum of the shares of A and C. 
A’s share is four shillings less than half the sum of the shares of B 
and C. If the shares of A and B together amount to 33s., find how 
much each receives. 


15. At a certain election there were two rival candidates, and 
their supporters were conveyed to the polling-booths in carriages 
capable of accommodating 8 and 12 voters respectively. If the 
voters, 740 in all, just filled 75 carriages, find by what majority the 
election was won. 


16. At a flower show, at which 1250 attended, outsiders were 
charged 1s., villagers 6d., and school children ld., and the total 
receipts were £35. There were three times as many villagers as 
outsiders ; how many outsiders came? 


17. A bag contained shillings and half-crowns amounting to £5. 
Half of the shillings were taken out and replaced by half-crowns. 
If the value of the contents was then £6. 17s. 6d., how many 
shillings did the bag contain at first ? 


18. By selling 6 horses and buying 8 cows a dealer increases his 
cash by £70. He then, at the same prices, buys 7 horses and sells 
12 cows, and thereby decreases his cash by £48. Find the price of 
each horse and cow. 


19, There is a number whose three digits, from left to right, are 
in descending order of magnitude and differ from each other in suc- 
cession by the same amount. If the number be divided by the sum 
of its digits the quotient is 48 ; and if from the number 198 be sub- 
tracted, the digits of the difference are the same as in the original 
number, but in reverse order; find the number. 


20. A train running from A to B meets with an accident 50 miles 
from A, after which it travels with three-fifths of its original velocity 
and arrives 3 hours late at B; if the accident had occurred 50 miles 
further on, it would have been only 2 hours late. Find the distance 
from A to B and the original velocity of the train. 


CHAPTER XXI. 
CoMPLEX FRACTIONS. 


180. Derinition. A fraction which contains a fractional 
expression in its numerator or denominator, or in both of 
them, is called a Complex Fraction. 


‘G @ 
Thus 7 y °, om are Complex Fractions. 
x 
eee 


181. An algebraical fraction has been defined in Art. 135 as 
the result obtained by dividing the numerator by the denominator. 


a 

Bod CO fas Oe 
es ont 5 ate 

d 


The following particular cases should be carefully noticed so 
that the results may be written down by inspection. 


] a (a 0) a i) b 
Senhora | hoa Tae eZqex aad 
b b 
hak 
Similarly eee ea 
1 a-x 
a+x 


182. The following examples illustrate the simplification of 
complex fractions. 


Aa 
ae 
Example 1. i i 
ample 1. Simplify = 
TS re 
oe 
2 4 Bi) 8 vd en 
é : a a eta? xt-a 
The expression = (w+ © +{e- Eee. 
we u x ace 
BO cas ote alle ap A 
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Example 2. Simplify ~ mare 


Here the reduction may be simply effected by multiplying the 
fractions above and below by 6a, which is the L.C.M. of the 


denominators. 
18 + 2a? - 12a 


Thus the eS i ae 18 
_ 2(a?-6a+9) 
~ (a+6)(a-3) 
_ 2(a-3) 


— 


a+6- 


Note. Since the numerator and denominator of the complex frac- 
tion were both multiplied by 6a, its value of course was unaltered by 


that operation. 


Example 3. Simplify 


_(@ +0? -(a2- BP 
The numerator =P ara 
4a7b* 
(a? + 6?) (a? — 6?) 
ee . Bs 4ab 
Similarly the denominator = Grant 


‘ 4a2h? Z dab 
Hence the fraction ~ (a+ 02) (a2 = B) 68) * (a+b)(a—b) b) 


4a? (a +b)(a 5) 


~ (a? +04) (a2?—6%)*~ dad 
UGA. an 
~ a+ hF 


Note. To ensure accuracy and neatness, when the numerator and 
denominator are somewhat complicated, the beginner is advised to 
simplify each separately, as in the above example. 

A.E.S, 111. A5 
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EXAMPLES XXTI. a, 
Find the value of 


1 ] x+1 c 

ds b ys pee a joule 4 res 
pe: ee. Po l-d 
a a ~-% oe 
5 b- a 6 a qe 3 g 3 
ab xe eee oY 43 

be aes aes Qa 
yack ce sae Pay 

go a ge SE ie ee ae 
a8 5 " 2 o ae 
cs ee by y « 

2 1 215 

a geth fies as 5 oe 
13. ee. 14. os ) ee 

Ta @ Soto cae a 

30 ™ l-m a b 

‘6 pee aes 7 lim! mh +4 arb ad 
Rone 20) oe ee ees hg OE aes 
a2 ; Lan a a-b a+b 


183. The fraction in the following example is called a 
Continued Fraction, and in simplifying cases of this kind we 
begin from the lowest fraction, and simplify step by step. 


Example. Find the value of : 5 
on x 
le Beas 
cae 1 oy 
The oT aera | ENR 3a) 
2,~ 2+ % 2-2 
l= 
it J 
— 8—4a-34+3x% 5-a% 
yr Oe 2 = an; 
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EXAMPLES XXI., b. 
Find the value of 


1, l-—=—. 2, 2-——. 3 O+—. 
i= Hae f= 
a x a 
oe a—b Btu a—2b Ger 7] 
6 a+b ] 
Ot Ore Ser Oe nea 
; ‘ 14% 
. x 
1 
fo. Or Te ot = 5: 
io ae xe 
C+— ety — 
a | eed 
Pe Ey rcse. I 
1 b+e°b b+e~ 
9, 10, “che 
x + epee hb poe 
1424+! c-26.. .b-2¢ 
2yz 2y% 4 
+Z +2 Ry 
Ee - wt. aA 2 
z YW z— 2y geen 
rf GbE, 
| OE ITER AES 4, ee - 
. a 3 ‘J ~ oan "ae ge v « 
a BE AE ee 
~x : Oye y+ 


184. The following exercise contains miscellaneous examples 
which illustrate most of the processes connected with fractions, 


EXAMPLES XXI. c. 


Simplify the following fractions : 


4a? —J ° (2441)? "da 45a 9" 


x4 — 7/4 y a+b (@-y? 4 5 1 24 
Wb+ abl?” (a+yP "i abo lo 2(z+1)* 10(%=1) ~ 5x +3) 
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Simplify the following fractions : 
a? — Toy + 12y? , 2? — day +4y? 
a? + bay +6y? * 2+ ay —2Qy? 


6 @+2b b+2a ‘ 3 3 j \ 
: be Va aso es baal: 


q Ute ate go ae Qx-1 Qa? 
° gS —] e er+a v?—-x2+1 ett 
: ip cs Oem OO aati as ee 1 
* @+ab+b?” (a—b)(a—2b) (a+6)(a+2b) ~ (a —b) (a? +b?) 
jes eg i 
10. ee ee oa ee 
: x-3 «+4 ae 1 : ; ; 4x3 — 3622 + 272 4+27 
x+1 
2a 8a ( a a 
es GE \(trazz) O-sea)trsaee) 
Set oa) 
a a 
get as Lo weH2) O(aF +2) 


atl l+y Ox oc 
2 2 2 m2 
(1+2)« (1-3) 1+¥ on z 
16. 1 17 eT ee ye ee 
ye ae 1 eee 
z 2ay 


: (asb)imce) (bob a)" (calle 8). 


19 2x? -17"+2) , 2x? - Me +12 5a? - 230412 
* 1522+ 16x2-—15 ° 3a?-10x—-25 °° a? -— 227-35 © 


99, Vary? yoe-aP (e-yP?-? 


(2tat—y2"(at+yPH22 (y+2P—-a* 
21 (etyPt(e-y)? i yf 
". (e+yP—(e-—y)?” Qay (x -y) 
99 w+ Bx" + be +15 | a8 + a8 + Ba2+ 4-2 
* 93 +20? +504+10° af+ 2034+ 83x24 40-4 
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23 x ‘Gs l+2+2? 
: Te £ "1430+ 32? +273 
egy 
l+a 
#9 % Ee EY td 
4, (242 ),/7,5 4 | 95 way te - 
ik Hes Ta ates cles SAD AE aes 
1+2? 1-2z 2 
1- 1+ a+ 5 ; 
—2x +2 a 
2 2 
= +H) - (Z+1) - pein: 2 ad 
98. y 99 b+e bbe c 
7 y we fx 8 be be 
ds Fat By i ty | 
ral urs ates ) = 1 ONO Gages,» 
39, (eay)i- zy (x — y)? — Quy? 3] xe—] 8+] Qa4 
(x — y) (x? — y®) + Qa?y? } ae w—-1 atta24] 
a b3 he ee yea 
40 Bae @ ab 


(F-2) a6 45\" 18 | 
TA jo ha eee eects SER 
33 3 _2c+15 | 2 18 (2c + 15) 
" B-3 4¢7+9 9¢43" 81-164 ° 


3n , ont — 2m? 1 1 
2 -_-o_ SO SR ee — —_- CME ATELY VS ial e 
m aspen +2mn m 4n 
~2n — 
m 


m 
+n 
cea Sa x+2-—— Pen Webs 
25 1+6 l+a 26 2 r+4 
gaa Bale, rt aS aa 
(1+a)(1+6) a+5 a+4 
27 (ac + hd)? — (ad + be)? _ (ac + bd)? + (ad + be)® 
d (a —b)(c—d) (a+b)(c+d) 
yt i431 ytd i 22 14% oy 4% 
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TEST PAPERS G. 


1: 
]1. Find the value of 
J (iat 2y +e) + a] (5y +72 +2%) 
when 4x=5, 8y= —4, 2z2=9. 


2. Simplify (1) 


m +——__~ 
a—b a+b 1. mt 


3-m 


3. Solve — (1) 7 (Bx ~9)— 7 (w+ 1)=3 (80-14); 


5y + 9x lly +92x 
11 17 


4, I bought a certain number of articles at 7 for 6d. ; if they had 
been 13 for 1s. I should have spent 6d. more: how many did I buy? 


5. A pays a debt of £6 in shillings and half-crowns. If he had 
half as many shillings again, and three times as many half-crowns 
he could pay his debt twice over. How many shillings and half- 
crowns has he? 


aoe 


(2) Tat =17, 9+ 


II. 
1. Resolve into factors: 
(1) 9(a-2)?-4(a-1)?; (2) Qu? —a?+8x-4. 
: ‘ ed, a 
2. Simplify (1) (ret “=*) 4 GS"? 34); 
1 1 


(2) vate ~ 4a3(c— a) * ga5(a+e) 


3. Solve the equations : 
1) 2(5044)- hse 1y=2: 
7 4 5 
(2) -2x-‘5y='25, 25x” -—y=1°025. 
4, Two gallons more than 2 of the contents of a cistern having 


leaked away, the remainder is found to be 18 gallons less than is 
of the original quantity. What was the leakage? 

5, The sum of the two digits of which a number is composed is 8 ; 
if ee added to the number, the digits are reversed. Find the 
number 
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Mil. 


1. Find the H.C.F. and L.C.M. of 
3x*+x-10, 6a?-w-15, 3a3-5x2- 122420. 
2. Simplify 
x 


x 1 
HON, oe cae 1 ] 
Q —-—-—f; @) —--— 
2+ = Ce 
x? —1 x 1 
a+— a-— 
a a 
1 4 5 
3. Solve (1) 3(2+7)-3(82-3)=9; 
5 3 
(2) 7 y=, _ t+ 5y=21. 


4, A had £50 more than B; A paid a third part of his money to 
B, and B paid back a fifth part of what he then had: the result was 
that £ had £30 more than A. How much had each at first ? 


5. The second of three numbers is as much greater than the first 
as the third is greater than the second. If five times the first is 
added to four times the second the result is 600, and if five times 
the third is subtracted from eight times the second the remainder 
is 150. Find the numbers. 


IV. 
1. Find the product of 


yi (a? +1) ~2a(1 -a)}+5 and 5 {3a 1)-5(3ae4)} 41, 


and obtain its numerical value when a= —3. 


l ] ] ] 
Simplify 1) {2.7 | (5-7 aa <5} 5 
2. a aed {2 pt+l 3(p-1 erates 
3a? — Qa? — x 


(2) do? — 2x? — Ba4+1 


: 1 1 ‘a-=bd., 
fig. sng eb ee 
(2) 2a+5_y+4 20+2y+9 


3 2 6 

4, A man bought a certain number of sheep for £74. Having 
lost 7 of them, he sold one-fifth of the rest for 12 guineas, making a 
profit of 5 per cent, on what he paid for them. How many did 
he buy ? 

5. Half A’s age exceeds three-eighths of B’s age by 7 years, and 
five-sixths of B’s age is equal to five-eighths of A’s; find the age 
of each. 
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Vis 


1. Find the value of 3/{5(b?-c?)—a%+ 4/3{a(a?-—c?)—1}, when 
as B26 eo. 


2. Simplify eee 
a) (+= “2 \ x(t) 


2yz LY -Z 24+uU-y 
itat+ 
3, Solve the equations: 
3-42 24x%-5 10 SY Oe 
] ae a 2 —-+*=>-—-+=-, 
leet Boek ered a ee bone e 


4, By buying oranges at 20 for a shilling and selling them at 6 for 
5d. a hawker gained 4s. 8d. How many did he buy? 


5, I have only half-crowns and sixpences in my purse. Four 
times the number of sixpences exceeds three times the number of 
half-crowns by 1, and the half-crowns are worth £2. 13s. more than 
the sixpences. How many coins of each kind have I? 


VI. 
1, Prove that 
(a —6)?+ (b-—c)?+(c-a)? 
=2(a-6b)(a-—c)+2(b-—c)(b-—a)+2(c—a)(c— bd). 


2. Simplify 
(1) v2 + y? — 224 Qary ie 
Qa? — Dory? + Qacz® 4. dane," Dor? 
” (2) 1 2a 1 2a+4 


a®+5a+6 a®+4a+3 a?4+3a+2 at3- 
3. Solve the equations: 
5a —8 162-17 56 
il os ee besearane, We 
Dae Ue omar Age 
24-5. x-y eo) | 
2 Pea A wall = 35. 
( ) 4, 2 5 33 


3 2 


4, Of the candidates in a certain examination 36 per cent. failed. 
If there had been 7 more candidates, of whom one passed, the failures 
would have been 37°5 per cent.: how many candidates were there? 


5. A farmer buys 20 sheep and 15 cows for £330. Had he bought 
half as many sheep again but at £1 a head less, and 3 fewer cows at 
75 per cent. of the price he paid, he would have spent £81 less. 
What did he pay for each sheep and each cow? 


CHAPTER XXII. 
INVOLUTION. 


185. Derinition. Involution is the general name for multi- 
plying an expression by itself so as to find its second, third, 
fourth, or any other power. 


Involution may always be effected by actual multiplication. 
Here, however, we shall deal with the easiest of those cases in 
which the results may be written down at once. 


By definition we have a?=a.a.a, 
also (— a)? =(—aX-a)(—a); 
and, by the rules of multiplication, 
a.a.a=qiti+l 
(-ay(—a)(-a)=— a4, 
Similarly 
(a?) =a?. a2, a? =a2*2+2 =o? a6, 
(— a?) =(— a) — a?) — a2) = — a2+242 = — 923 = — gf, 
(— 2°? =(— 23-23) <2 22a 98, 
(= a8 $= (= a8 — a8)( — 08) = — 8484 — 8X8 — 
(4m)? = (4)*(mt)? = 16m**2 = 16m. 
Hence we obtain a rule for raising a single expression to any 
required power. ce 
Rule. aise each LITERAL factor of the expression to the 
required power by MULTIPLYING its index by the index of that 


power. 

If there is a numerical coefficient, raise it to the required power 
by Arithmetic, and prefix the result, with its proper sign, to the 
literal. expression already obtained. 


186. The following general principles, which are evident from 
the Rule of Signs, should here again be carefully noted. 

(1) The square of every expression, whether such expression is 
positive or negative, 1s POSITIVE. 

(2) No EVEN power of ANY expression can be NEGATIVE. 

(3) Any opp power of an expression will have the SAME SIGN 


as the expression itself. 
A.E.S, III. A6 
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Haample-l. > ( = 22?)P=(—2)'a2*o= — 32x". 
Example 2. ( -—3ab®)®=(—3)'a8b?*° =729a%d. 


200°? \*- 16a7b 
say % Siaky 


Example 3. ( 


Note. In Example 3 it will be seen that the numerator and 
denominator are operated upon separately. 


( 1 Sara a pa 3)taty? _ Slay? _3 F 


Example 4. an Bos 
Ce “bay? (6)ay® ~~ 2168 


Note. In cases like Example 4, where the numerator and de- 
nominator are to be raised to different powers, no cancelling must 
be performed until after the several factors of both numerator and 
denominator are raised to the required powers. 


EXAMPLES XXII. a. 


Write down the square of each of the following expressions : 


ie oo 2, aay. Sabre. 4, 4ab. 
i peamaa ond ha 6. 6a7b°. 7, 5a?b*c. 8. —3dabrc’. 
9. -9pt¢®. 10. —4ab®. 11. —a@b*ed* 12, —8min’. 
Buy 2m?n? ] 1 
13. - as 14. 3p 15. - 33° 16. - ae 
Tee 1 Ag 432 ll 
17. iia 8pq* 18. Ta 9a>b3c2 19. CAE Rah 20. el 10b>c8" 
Write down the cube of each of the following expressions : 
ZL rye Oi ase sh IS ae 94. 6x%23. 
2. —3a% 26. -2u7y®z. 27. —4ptq?. 28. —5c%d, 
wis 2/3 Baty? 6 
29. 33h" 30. - ag 31. - 7 32. Bale 


Write down the value of each of the following expressions : 
33. (xy)? 34, (-axy?)*. 35. (-2min?), 36. (— 3p?*)’. 


, Pee Qaray? a, te, abic \? 
a7. (gis) 38 (~The) 8% (-ayea) 40 (Sean) 
41. (ab)? 49, ( — m4n?)? 43, ( —3a2y)3 (4c3)2 


(ab?)* (m?n?p)? ( = Qabyz?)> “(= 8ed")® 
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187. In Art. 72 the following rules were stated : 


Rule 1. The square of the sum of two quantities 7s equal to 
the sum, of their squares INCREASED by twice their product. 


Rule 2. The square of the DIFFERENCE of two quantities ds 
equal to the sum of their squares DIMINISHED by twice their product. 
Thus (vty) =2? +2. 9. Qy 4 (2y)* 
=x? +4ary+4y, — 
(205 — 367)? = (2a)? —2 . 2a? , 3b2-+.(302)2 
= 4a — 12a3b2 4 954, 
By an application of the above we may obtain a rule for 


writing down the square of an expression which consists of more 
than two terms. | 


Thus since (a +6)? =a? + 2ab +b, 
(ety t+eP={(wty)t2P=(atyP4Uotyet2 
=H? + Qry +4? +2424 Qyz+2 
=x + Y? +224 Lay + Que + Qyz, 
Also since (a— 6b)? =a? —2ab + b?, 
(o+y—-P={(ety)—2P=(e+yP—-AWe+yet+ 2 
= 2+ P+ 24 Q0y — Qu2—Qyz ; 
(e-y-2P ={(e-y)-2P=(@-y)'-2@ yet? 
= 2+ y+ 22 — Quay —Qaz4 Qye. 
In each of these instances we observe that the square con- 


sists of 

(1) the sum of the squares of the several terms of the ex- 
pression, together with 

(2) twice the sum of the products of those terms taken two 
and two with their proper signs ; that is, each product has the 
sign + or — according as the two factors composing it have like or 
unlike signs. 


Note. The square terms are always positive. 


The same laws hold whatever be the number of terms in the 
expression to be squared, and therefore the following general 
Rule may be stated : 


Rule. The square of any multinomial ?s equal to the sum of 
the squares of the several terms, together with the algebraical sum 
of twice the product of each term into each of the terms which 
follow it. 


Ha. 1. (a ~-2y—3z)?=22 + 4y?2 4922-2. wv. 2y~2. 2.32+2. Qy. 3z 
= 2? + dy? + 92? — dary — Gaz + 12yz. 
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Ex. 2. The square of (a*-2?+2-1) 
= 76 4 oh + 2 +1 4 2003 ( — 22 + 2 — 1) -— 2a? (a - 1) + 2ae( - 1) 
— 98 + at + 2 + 1 — Qa + Dart — Qos? — Dar? + Daur? — Qe 
— 46 — 295 + Bart — 4a? + 382? - 2x +1, 
by collecting like terms and rearranging. 


EXAMPLES XXII. b. 


Write down the square of each of the following expressions : 


1. a+2b. 2. 2a-6. 3. x+3y. 4, 2n-3y. 

5, m+4n. 6. p—5g. 7, 4-a. 8 yt3. 

9, at+7. 10. 5-c. ll, cd+l. 12. 2ab-3. 
13. 1+2?. 14. 14+32y. 15, x? -2”. 16. 2c-—cd. 
17, a+b-c. 18. a-b-c. 19, x+y4+2z. 

20. x-2y+z. 91. 2p-q-7. a Pe ate et 

93, Qxe?-a+1. 94, k?-l?+m?. 95, 3k? -5k+4+2. 
26. a-btctd. 27, 2x+y—-3at+b. 28, m+n-p+2g. 
29, a—ab+4 30. 2 _ By 5. 31. 3 — m+ am’. 


188. By actual multiplication, we have 
(a+b=(a+b\at+b\a+6) 
=a? + 3a7b+ 3ab?+ 6°. 
Also (a — 6)? =a —3a7b + 3ab? — 6°. 
By observing the law of formation of the terms in these 
results we can write down the cube of any binomial. 
Example l. (Qa +y)8=(2Qar)3 +3 (2a)*y.+ 3(2x)y? + y? 
= 893+ 12x’ + Gay? +. 
Example 2. (3x — 2a)? =(3a)3 — 3(3x)?°(2a*) +3 (3a) (2a?)? — (2a)? 
—27x3 — 54x20? + 36xa4 — 8a®. 


EXAMPLES XXII. c. 


Write down the cube of each of the following expressions : 


1. pg. 2, m-n. 3, a—2b. 4, 2c+d. 
5, 3a+2y 6. 4x-1. 7, 1-5y. 8. 2ab-3. 
9, a?+3b%. 10. p?-3q*. 11. 3c2?-2d% 12. 4a°-3. 
b c Ne ee 
13. a- 3 14, gt 1, 15. 37 or 16. qty: 


CHAPTER wX Xtle 
EVOLUTION. 


189. Derinition. Tuer root of any proposed expression is 
that quantity which will produce the given expression by being 
multiplied by itself the number of times denoted by the index 
of the root. 


The operation of finding the root is called Evolution: it is 
the reverse of Involution. 


Thus Na®=x?, because (x)= 2%, 
NJ — x8 = — x, because (— 2°) = — x6, 
190. It should here again be carefully observed that every 


positive quantity has two square roots equal in magnitude but 
opposite in sign (Art. 69). 


Example 1. N9a?x® = +3ax?, or —3ax’. 


(The two roots are conveniently written +3a23, and + is read 
“lus or minus.” | 


Example 2. 169m n8 = + 13m*né. 


191, Again, by the Rule of Signs, it is evident that 


(1) any even root of a positive quantity may be either positive 
or negative ; 


(2) no negative quantity can have an even root ; 
(3) every odd root of a quantity has the same sign as the 
quantity itself. 

Examples. Nab8 = +a*b?, because (a°b?)4 or ( — a®b?)4=a!58, 

</ =a =-23, because (-23)3= — x? 

Jc =c4, because (c*#)> = c”9, 

81x = +325, because (32°)4 or (— 32°)4 = 81x, 
Throughout the present chapter, however, in dealing with the 


even root of a positive quantity, we shall confine our attention to 
the positive value only. 
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192. From the foregoing examples we may deduce a general 
rule for extracting any required root of a simple expression. 


_ Rule. Find the index of each literal factor by DIVIDING tts 
index in the given expression by the index of the root required. 


Tf there ws a numerical coefficient find its root by Arithmetic, and 
prefix it, with tts proper sign, to the lateral expression already 
obtained. | 


Examples. Rl 6428 = — 4a: 


EXAMPLES XXIII. a. 


Write down the square root of each of the following expres- 
sions : 


A Rie a Ta 2 Aird. 3... 16a: 4. 9x%y!. 
5. 64p7q'6. 6, Siz. Go Lada tye, 8, 36m°*®, 
1 6418 16 1694 
9. 8lai® 10. “05 ~ 11. mens 12. FAQ ° 
289 100 36c? 32404 
13. 324 14. S1aMyis 15. TEaiv" 16. 40062" 
Write down the cube root of each of the following expressions : 
L7h* Barb: 18, -27e°a?: 19, 642379 20. 3437. 
125 27a? mi? 1 
21. on Hel 22. Fe “8b?” e Sp9q? 24. ae, 72902" 
Write down the value of each of the following expressions : 
25, SoS, 26. Nae 27, /64ai8b™. 
98, x/—32d. 99. </128a%. 90, 8/ mn. 
*) 248 yes ne ics 
Si: ce a ys" 3D: me, (3 oo. Sei ey 
12 13 ‘ 5] 907,20715 
1 a 32/005 
34. ae 35, om h52065° 36. ries 94350" 


193. By the Rules recapitulated in Art. 187, we are able to 
write down the square of any binomial. 

Thus (Qc +3y)?=(22) +2. 20. 3y+(3y)’. 

Conversely, by observing the form of the terms of an expres- 
sion, it may sometimes be recognised as a complete square, and 
its square root written down at once. 
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Example 1. Find the square root of 25x%- 40xy + 16y2 
The expression = (5x)? — 2. 20ay + (4y)? 
= (Sa)? — 2(5ac) (dy) + (4y)? 


= (5x — 4y)?, ” 
Thus the required square root is 5x —4y. 
V4 é 
Example 2. Find the square root of so +4+ oe 
et OLE 16a 
The expression = (sr) +(2)7+2 (7) 


8a \? 8a 
= A) (ipa! 2 
(3) +2( 3) (2) + (2) 
- (8a ¢ 
=(35 +2) 
Thus the required square root is = +2, 


Example 3. Find the square root of 4a2+ 62+ ¢2+4ab — 4ac —2be, 


Arrange the terms in descending powers of a, and the other letters 
alphabetically ; then 


the expression = 4a? + 4ab —4ac+b2-—2be+c2 | 

= 4a? + 4a(b-c)+(b-c)? 
=(2a)?+2.2a(b-—c)+(b-c)? 
={2a+(b—c)}?; 

whence the required square root is 2a+b-—c. 

Or we might proceed as follows: 
the expression = (2a)? + b? + c? +2. (2a)b-2. (2a)c-2.b.¢, 
which is evidently the square root of 2a+b -c. [Art. 186.] 


EXAMPLES XXIII. b. 


By inspection determine the square root of each of the follow- 
ing expressions : 


1, x*+10x+25. 2. y*-18y+8l. 3. 121 -—22m?+ m4. 
4, 9-12a° + 426, 5. 9c?+42c+ 49. 6. 16 —40y% + 25y'2, 
7. a4—6ab? + 954. 8, x® — Qhayz t+ 144y%2?. 
9. m4n*+26m?n2p* + 169p°. 10. 49a7b* — 112ab?d* + 64d, 
i} 3 m? mn? nt 
11, ra 3ab + 9b. 12. ghee rae 
9a* 30ac 5c? 9a? 428 
15, (x-1)?4+40?+4a(x-1). 16, 100c!? -— 20c°(a +b) + (a +b)? 


V7, x? + 2xy -4az+y*-4yz4+42% 18, a2 +4b?+c?~ 4ab~2ac+4be. 
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194. When the square root cannot be easily determined by 
inspection we must have recourse to the rule explained in the 
next article, which is quite general, and applicable to all cases. 
But the pupil is advised to use methods of inspection wherever 
possible, in preference to rules. 


195. Since the square of a+b is a?+2ab+b?, we have to 
discover a process by which a and 6, the terms of the root, can be 
found when a?+2ab +)? is given. : 

Now a2+2ab+b?=a?+b(2a+ bd), 
so that the expression is made up of 

(1) the square of the first term of the root, together with 

(2) the product of the second term of the root into an ex- 
pression consisting of this second term added to twice the first term 
of the root. 

By reversing the process we arrive at the following method 
of working : 
a2+2ab+b?( a+b 
ay 


Qa+b | 2ab+b? 
2ab+ b? 
Explanation. (1) The terms are first arranged according to the 


powers of one letter a. 

‘(2) The square root of a? is written down as the first term of the 
root, and its square subtracted from the given expression. 

(3) The first term of the remainder is divided by twice the first term 
of the root to obtain the second term of the root, that is, b. 

(4) The second term of the root 1s added to twice the term already 
found to form the complete divisor 2a +. 


Example. Find the square root of 9a? — 42ay — 497. 
9x? — 42ay + 49y? ( 3x - Ty 
9x7 


6x—Ty |—42ay+49y? 
— 42ay + 49y" 


Explanation. The square root of 9x? is 3x, and this is the first 
term of the root. 


By doubling this we obtain 6x, which is the first term of the 
divisor. Dividing —42xy, the first term of the remainder, by 6x we 
get —7y, the new term in the root, which has to be annexed both to 
the root and divisor. We next multiply the complete divisor by 
— Ty and subtract the result from the first remainder. There is now 
no remainder, and the root has been found. 
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196. The rule can be extended so as to find the square root 
of any multinomial. The first two terms of the root will be 
obtained as before. When we have brought down the second 
remamder, the first part of the new divisor is obtained by 
doubling the terms of the root already found. We then divide 
the first term of the remainder by the first term of the new 
divisor, and set down the result as the next term in the root 
and in the divisor. We next multiply the complete divisor by 
the last term of the root and subtract the product from the 
last remainder. If there is now no remainder the root has 
been found ; if there is a remainder we continue the process. 


Example. Find the square root of 
25x7a? — 12x03 + 1624+ 4a4 - 24430. 
Rearrange in descending powers of 2. 
1624 — 24230 + 25270? — 12203 + 4a4 ( 4a? - 32a + 2a? 
16a4 
8x?-3xa =| — 24a? + 252? 
—242%a+ Q9a?a? 
8x? — 6xa + 2a? 16x7a? — 12x03 + 404 
; 1627?a? — 12x03 + 4a4 


Explanation. When we have obtained two terms in the root, 

4x7 — 32a, we have a remainder 
16x?a? — 122a° + 4a4. 

Doubling the terms of the root already found, we place the result, 
8x? —6xa, as the first part of the divisor. Dividing 16aa?, the first 
term of the remainder, by 82%, the first term of the divisor, we get 
+2a*, which we annex both to the root and divisor. We now 
multiply the complete divisor by 2a? and subtract. There is no 
remainder, and the root is found. 


EXAMPLES XXIII. c. 


Find the square root of each of the following expressions : 


1, a*—4a’+ 6a? -4a+1. 2. at+2a°+5a?+4a4+4. 

3. A= Qa? ~ 4? +2741. 4, 4a4t-— 477+ 52?-27+1. 

5, a4— 62° + 1327 -127+4. 6. 4a*- 122° + 252? — 24a + 16. 
7. 8p? +1+4p*-4p. 8. a*+13a?+4- 12a - 6a’*. 

9, a? -Qaxr+a?+2a-2x+4+1. 10. 2*-2ax? + 5a®x? -4a%a+ 4a. 


ll, 4c*+ 6cd? + 12c3d + d4 + 13c?d?. 
12, 26+ 46+ x%y4 — Qay? + QaPy* — Qrty?. 
13, 05+ 4a7b? — 2a?b? - 4a5b + 64+ 4a4b?, 
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Find the square root of each of the following expressions : 
14, 14a? - 4a4+ 4a? + a°+ 49 — 28a. 
15. 16m®— 4m? +m + 16m? — 4m®. 
16. 1062-206? + 1 — 4b — 24b° + 2554 + 160°. 
17. 25x? — 20a? + 16 4+ 26+ 1024 — 42° — 24x. 
18. 9-82? — 2223 — 12a + a° + 204 + 282. 
19, 4a6+13a4—- 12a°+ 16 — 22a? — 8a + 25a?. 
20. aS —TaPat+ 426+ 10atx? — 12ax° + 28a%x? — 8a°x. 
197. When an expression contains powers of a certain letter 
and also powers of its reciprocal, there is an important point to 
be observed. Thus in the expression 


Qt at4t atte + (ho 
the order of descending powers of « is 
PLT + etd e+ Gt 5 
and the numerical quantity 4 stands between x and -. 


For explanation of this arrangement see Hall and Knight’s 
Elementary Algebra, Chap. Xxx. 


A 1 dL > neha 
= 
First arrange the expression in ee ae powers of x. 
wie ote Se ( Sea] eks 
ES ee Ge tera Os x 
a) 


Example 1. Find the square root of — a 1¢- age 


The last term of the root, I is obtained s dividing 2 3 the first 
x 


term of the remainder, by =, the first term of the divisor; thus 
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2 2 é 
Example 2. Find the square root of 24+ Bie Boe + esas si : 
wo nly eames 2 
First arrange the terms in descending powers of y. 
162 2 : 
cs Dati BS aa aay ea De a 
oe a ae: Ee 


y 
16y? 
ae 
Se 3?Y 1 94 
4 x 
ie 
x 
2 
Sy ed Biase 
a y YY 
2 
eg Be 
ER 


Here the third term of the root, a arises from the division of 8 by 
8y 8y” YE Y 
—y; thus 8+—“=8x — =-. 
x a Sy Yy 
EXAMPLES XXIII. d. 


Find the square root of each of the following expressions : 


1 S-40+16. 2 81492042. 

3, et Me 4, RI tea 

5. 1420 - a4. 6. at — 208+ 50? — S04 a 
iG ete wt I. 8. wh — Ba? + att Onto 
9, 9c — Qaby + 128? — Day? + Oy | 
10. 2a%y? +1- > ary? — wy + 4atyt. 

M.A +54+3-5,- 209, fF 4g Sot det + 29 ~ 18-8 
ne eee ea 


CHAPTER XXIV. 
QUADRATIC EQuarIONs. 


198. Derinrrion. An equation which contains the square of 
the unknown quantity, but no higher power, is called a quadratic 
equation, or an equation of the second degree. 


If the equation contains only the square of the unknown it 
is called a pure quadratic; if it contains both the square and 
the first power of the unknown it is said to be an adfected 
quadratic. 


Thus 522=20 is a pure quadratic, 
and. 2x? —5a=3 is an adfected quadratic. 


‘Pure Quadratics. 


199. A pure quadratic may be considered as a simple equa- 
tion in which the square of the unknown quantity is to be found. 


25 
e287 x11 
Multiplying up, 9x? — 99 = 25x? — 675 ; 
1622576; 
T= 365 
and taking the square root of these equals, we have 
c= +6. 


Example. Solve 


Note. We prefix the double sign to the number on the right-hand 
side for the reason given in Art. 190. 


200. In extracting the square root of the two sides of the 
equation z?=36, it might seem that we ought to prefix the 
double sign to the quantities on both sides, and write +v= +6. 
But an examination of the various cases shews this to be un- 
necessary. For +v=+6 gives the four cases : 


+2=+6, +x7=-6, —v%=+6, -x7=-6, 


and these are all included in the two already given, namely 
x=+6,c=—6. Hence, when we extract the square root of the 
two sides of an equation, it is sufficient to put the double sign 
before the square root of one side. 
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| Example 1. Solve 32(a%+3)-44=(2xu-5)(x+7). 
Simplifying, we have 3x?+9x —-44=2x?+ 9x - 35; 
viet Srote I 
c= +3. 
9x x-7 
Example 2. Solve 7 B heseals-ar 2 i 
x 
Clearing of fractions, 9x?+7x-49=7x; 
"= Wz = 49's 
Eo =9 ; 
leat 3 


EXAMPLES XXIV. a. 


Solve the equations : 


1. (#+2)(2-—2)=12. 2. (x+3)(~-3)=16. 
3. (9+x)(9—x)=45. 4, 4(”?+1)=5(x?-1). 
5. 2x? - 3 = 32? —7. 6. 3(2?-11)=2(a2?+4 24). 
7. 2(x2—4)=3 (2x? —- 11). 8, 15 -5(2u?-—3)—3(2a2+ 7), 
= 2P 1] +l 2 15z?+9 3 
9. e414 2 10. 2x? ~23° 3 U 43a?-3° 5 
Cie 4 a PHS, es. he 
ee Tye 8 — 
14, = yy Il)=5(x 25) + 34. 
Qa — 35 9x?-16 5a 10 
15, 3(”%+4)+ ek A 16. cia Tee oe 
xt+2 4-2 4 a, o-3% 44 
17. ee Pe aa 18. 67 x4+3 =15 


Adfected Quadratics. 


201. Solution by Completing the Square. The equation 
x? =36 is an instance of the simplest form of quadratic equations. 
The equation (z—3)?=25 may be solved in a similar way ; for 
taking the square root of both sides, we have two semple equa- 
tions : 


e-3= +65. 
Taking the upper sign, «2—3=+5, whence v=8 ; 
taking the lower sign, “%-3=—5, whence #= — 2. 


“. the solution is a=8, or - 2. 
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Now the given equation (#—3)?=25 


may be written au? — 6x +(3)?=25, 

or a*— 6x2 = 16. 

Hence, by retracing our steps, we learn that the equation 
x? —6x=16. 


can be solved by first adding (3)? or 9 to each side, and then 
extracting the square root; and the reason why we add 9 to 
each side is that this quantity added to the left side makes it a 
perfect square. 
Now whatever the quantity a may be, 

a2 +%2an+a?=(4+a)%, 
and a? —2ax+a?=(x—-a)*; 
so that if a trinomial is a perfect square, and its highest power, 
x? has unity for its coefficient, we must always have the term 
without x equal to the square of half the coefficient of x. If, 
therefore, the terms in #? and x are given, the square may be 
completed by adding the square of half the coefficient of 2. 


Hxample. Solve 2?+14x7=82. 
The square of half 14 is (7)?. 
a+ 14a + (7)?=32+ 49 ; 
that is, (e+ sls 
J ®+7=49; 
; x=-7+9, or -7-9; 
C= 2; or 16: 

202. Whenan expression is a perfect square, the square terms 


are always positive. Hence, before completing the square the 
coefficient of x2 should be made equal to +1. 


Example. Solve Tx=2?-8. 


Transposing so as to have the terms involving x on one side, and the 
square term positive, 


v= TL = 8. 
: Ne 49 
Completing the square, x?- 7x+ 5 aes ree 
2 
that is, (x3) =o 
ahs 
se died 
x=8, or -1l 
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EXAMPLES XXIV. b. 


Solve the equations : 


Tat tae =2. 9. w?+4x=2)1. 3, 2? 4+82=33: 
4 Sar Se 84. 5: 2a --w= 110: 62.07 = Je l20: 
7. 2*-65=82. 8. 27+56=27. 9,  «?—45=12-. 
10. lla=2?-26. 11, a=x2+210. 12. 117=27+4e. 
1, te le 2 ee Te ci =O) = a". 15 a7 or 4a, 
16. .27—32-10=0. 17. 24+2-27=0. 18:3: 6 faa 
19;; “380 27 =z. 20. 98 Ta = 27 =0. 21. 204=52 +2? 
2 3+x 9+2 S(4+a). Oa 2 
aS AES a SO eo 


ett) £=3 5 2+3, 3a~-1 2 
te ecg” foe a 
95 4e+1 “2-2 x4+1 37+2 1 


eee Ss a 


203. We have shewn that the square may readily be com- 
pleted when the coefficient of 2” is unity. All cases may be 
reduced to this by dividing the equation throughout by the 
coefficient of «x. 


Example 1. Solve 32 — 32°= 10x. 
Transposing, 3x? + 10x = 32. | 
Divide throughout by 3, so as to make the coefficient of ? unity. 
10: 32 
oA nea ae ke 
Thus a i a al 
completing th ? et(3) =e4 os 
completing the square, 2+ 3 ra ae BRT a 
, Bye) 12h 
that 18, («+5) ie ? 
e+ ox a ; 
Plea ag 
CEES. pi 
A fmm “gta =2, or oD« 


. 10\? 5\? 
Note. We do not add (= but 5 to the left-hand side. 
6 
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Example 2. Solve 5a? + lla=12. 


Dividing by 5, 4+——#= 


completing the square + Eat (55 712 Wl, 
PIpUng the Sere Tae is enol 


| 11\?_ 361 
th t 9 — =— 35 
pe («+35) 100 


204. We see then that the following steps are required for 
solving an adfected quadratic equation : 

(1) If necessary, simplify the equation so that the terms im 
x? und x are on one side of the equation, and the term without x 
on the other. 

"(2) Make the coefficient of x* unity and positive by dividing 
throughout by the coefficient of x*. 

(3) Add to each side of the equation the square of half the 
coefficient of x. 

(4) Take the square of each side. 

(5) Solve the resulting simple equations. 


3a —8 oF 
E. l ° 1 ~~ = _ . 
acamyple. Solve a, are. 
Ree pe 30-8 5x-2 
pine te x-2- “£+5 
multiplying across, (3a — 8) (a +5) = (5a — 2) (x — 2) 5 
that is, . 3a? + Ta — 40 =527 -12”+4, 
or —2x?+19%= 44. 
Dividing by -2, we Ay —22; 
: 19 19\? 361 
igen OM en tO 
completing the square, x get ( 4 ) 16 23 
: 19\7co 
th t 5 -—_— =—; 
Tee (« = 16 
ea ae ue 
rhea 
* 19 3 h 
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205. In all the instances considered hitherto the quadratic 
equations have had two roots. Sometimes, however, there is 
only one solution. Thus if 2?—2r7+1=0, then (~—1)?=0; 
whence z=1 is the only solution. Nevertheless, in this and 
similar cases we find it convenient to say that the quadratic has 
two equal roots. . 


EXAMPLES XXIV. c. 


Solve the equations : 


Lo a+ Se = 2. 2, 32z?+7x-6=0. 3, Qa? —2= 15. 

4. 4274+ 1la=3. 5. 5=3x7+ 14a. 6. 62?+35=3lz. 

he: gt lin= 4a". 8. 18+52?=33-. 9, 20-92 =20x?. 
W. 122?-177+6=0. 11. 62?+350=6. 12. 28=3la +52". 


13. 27=52(10x-3). 14, 9”(2c-3)=26. 15, 148=32(32-2). 
16. © 7e=—3(1— 227). 17.) 407 +126=65%. 18; 2(a7 + 20) =2iz: 


Az P Tp ee eT) 27-1 .x-] 
19. 2 =---(1 — 2”). 20. 3% l==3— ~ BAe Saget Hib 
99. (3x-8)(x+5)=(5x —2)(x — 2). 
23, (x+3)(a-3)-(2x-1)(2x-7)=0. . 
1 
24. 10e-8+11=0. 25, Mda-—-31=0. 
3a-5 1 42-7 3z-4 4(%-2) 1 
26. i Sear Sa, Bs Zia 3 5 or 
32+4 x 8a4+2 11 
28. 19 42+3 29. x ~~ 2448 
w4+2 4-2 21 eg ah Ath aa ae r 
30. a Bae Te: wis x2 oe CF ge 
5 8 ee Fee 
6-2 6-2 eres Orr. a 
x+1 x-—1 ha 2 yee lk 
of. Week tube.” 35. 1-3a% 3x+1 2 
ER Jae Oy ee aay pase 2 
38. 3a—2'20 5(x-1) OMe —e- 2-5" 
1 a 1 
ti a aa 99, 8, B+ 8_ 
ae ee ae Y eae 2xr+1 
at = 37 
Wr-1 w-2 xw-1 Blx-2) 5 
raat natn oe ae AE rail PB | 
“re tae a Cag CO ol 
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206. Solution by Factors. The following method of obtain- 
ing the solution of a quadratic will sometimes be found more 
convenient than that of completing the square. 

Consider the equation «?—#—90=0. 

By resolving the left-hand side into factors we have 

(4 —10)(7+9)=0. 
Now if ecther of the factors #—10, 2+9 be zero, their product 
is zero. Hence the quadratic is satisfied by either of the 
suppositions 
(1) e-10=0, or e=10; (2) +9=0, or x= —9. 

Thus the roots are 10, —9. 

It appears from this that when a quadratic equation has been 
simplified, and brought to the form of the equation x*—a« —90=0, 
its solution can always be readily obtained if the expression on 
the left-hand side can be resolved into factors. Each of these 
factors equated to zero gives a simple equation, and a correspond- 
ing root of the quadratic. 

Example 1. Solve n+ ta =2, 


Clearing of fractions, | 3a?+7x=6. 


Transposing, so as to have all the terms on one side of the equation, 
we have 


3x? + 7% -6=0; 
(3% —2)(%+3)=0; 
whence 32x-2=0, or 7+3=0; 
ae or —3 
a } 
Hxample 2. Solve 2 (a? —6)=3(x — 4). 
We have Qu? —-12=32-12; 
that is, Die? = Baha ho. cota ee ea ees (1). 
Transposing, 2x? - 3x=0, 
x(2a—3)=0. 


200," ors2ee 8—0; 
Thus the roots are 0, s. 


Note. In equation (1) above we might have divided both sides 


by x and obtained the simple equation 2~=3, whence ae which is 


one of the solutions of the given equation. But the pupil must be 
particularly careful to notice that whenever an x, or a factor con- 
taining x, is removed by division from every term of an equation it 
must not be neglected, since this divisor equated to zero will give a 
root of the equation. 
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EXAMPLES XXIV. d. 


Solve by resolution into factors : 


207 


2-Te+6=0. 2 a-3r=28. 3, #2=20 +99, 
x? —x=132. 5. 2«?+8x2+16=0. 6. 23%=1205- 22. 
3a7-10x+3=0. 8. 62?-132%4+6=0. 9, 6x? 4x=2. 
2a* —5a -12=0. Al; . «(32+2)=5. 12, 2u?-15=-a. 
2x? —7x=39. 14, (2e(a4-1)=15 +2. 
15 - lla=8x(1+2). 16. 18+52?=332. 

or 1 40 15 
Pp abe i =——.. , = 
Mata Deo kos Oe at 19. 42 “4 
1—-2(2+1)=2241 Al ae : +1=0 

3 : SOD — oe? 

3x+1 3 1 

2-4 = 22-2, 2 =. 
gon” sient RE ER ee 
x+10 10 11 x+2 u-4 7 
“-6 a2 6 sp t-1' 2 

SS aa Eas eos 
petite 8 eel: ai, TE ere waht 2 
12x 11 16 Oa a5 
£-9' zl @-a)(e-1) 29. Pe woes 
4-3 2,6 “+3 2x .s¢-1 5x—11 
AO apt 4 Rear: 31. eget ee? : 
3a-4 1 2#-1 93 2r+3 2 34-2 
+112 3044 ' Be-2 13 4x41 
a eel Cad 
Bees focus = 2 35. = ee 1 

- Sr ge 3 (ea 27-1 

“+s 

7z+10_ 3, x-1 37 +1 llex+2_ 3 
l0z+3 11 2-3 * 2-6 10x-7 Il 
3x+4 44+6 #4+2 74+4  10x+9 
fog 2° f  M+1" 5 


CHAPTER XXV. 
PROBLEMS "LEADING TO QUADRATIC EQUATIONS. 


207. WE shall now shew how quadratic equations may be 
applied to the solution of problems. 


Example I. Divide 18 into two parts such that the sum of their 
squares is 170. 


Let 2 be one of the parts, then 18 — x is the other part. 
Thus the symbolical statement of the problem is 
x? + (18 —- x)?=170, 
or x? + 324 — 36x +2”?=170; 
*, Qu2-36x2+154=0; 
oot dae Lea ed La, 
or («-11)(a-—7)=0: 
Munoe | 1sORere 


Both values of x are admissible, for if x=11, then 18—x=7; and 
if <=7, then 18—x=11. Thus the two parts are 11 and 7. 


Example II. One number exceeds another by 6, and the sum of 
their reciprocals is =o; What are they? 

Let x be the greater number, then x - 6 is the less. 

Then, from the question, we have 


ey 
2x6 20 
or nae Oe 
x(x-6) 20 
. 402 -—120=7x? - 422; 
7a? — 8207 +120=0, 
or (a —10)(7a-—12)=0; 
ve TUS Or 7 
30 


and «-—6=4, or -——- 


ii 
92 
Thus the two numbers are 10 and 4, or = and 3 either of 


which pair of values will be found to satisfy the conditions of the 
problem. 
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EXAMPLES XXV a. 


1. Find a number which is less than its square by 56. 

9. Four times a certain number increased by its square is equal 
to 21; find it. 

3. Divide 13 into two parts so that the sum of their squares is 97. 


4, Find two numbers differing by 5, and such that the sum of 
their squares is 193. 


5, Find two numbers differing by 7, and such that the sum of 
their squares is 137. | 


6. Find a number whose square, diminished by 14, is equal to 
seven times the number increased by 4. 


7, Find a number whose square, increased by 24, is equal to ten 
times the number diminished by 1. 


8, The sum of the squares ot two consecutive numbers is 145; 
find them. 


9, Find a number which, when increased by 7, is equal to 60 
times the reciprocal of the number. 


10, The sum of the reciprocals of two consecutive numbers 
is +5 ; find the numbers. 
11, Two numbers differ by 5, and the sum of their reciprocals is 
to ; find the numbers. 
12, One number is three times another number ; if each be in- 
creased by 1 the sum of the reciprocals is +. Find the numbers. 


Example III. A train travels 300 miles at a uniform rate; if the 
speed had been 5 miles an hour more, the journey would have taken 
two hours less: find the rate of the train. 


Suppose the train travels at the rate of x miles per hour; then the 


time occupied is = hours. 


On the other supposition the time is * hours ; 


Siaadontt pM eb EI 
x+5 2 
whence x? + 5x —750=0, 
or (a + 30) (x —25)=0; 


we x == 25, or — 30. 
Hence the train travels 25 miles per hour, the negative value 
being inadmissible. 
[For an explanation of the meaning of the negative value see 
Hall & Knight’s Elementary Algebra, p. 209.] 
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ExampleIV. A cistern can be filled by two pipes in 335 minutes ; 
if the larger pipe takes 15 minutes less than the smaller to fill the 
cistern, find in what time it will be filled by each pipe singly. 


Suppose that the two pipes running singly would fill the cistern 
in w and (x - 15) pels 


Then they will fill — 1 and 
x 


as of the cistern respectively in 


one minute; and, therefore, when running together, they will fill 


(3+ : ) of the cistern in one minute. 


x-15 
But they fill robe or ->_ of the cistern in one minute. 

1 1 1 3 

aaa 2 * e157 100" 

or  100(2a — 15) =3a(a — 15) ;sx 
3x? — 2452 + 1500 =0, 

or (a ~ 75) (Ba — 20) =0 ; 

ue apo. OF 65. 


Thus the smaller pipe takes 75 minutes, the larger 60 pee 
The other aU yon 63 3 1s TESTES Base 


13, A and B start sbpetlie: to walk 10 miles; 4 walks 13 miles 


‘an hour faster than B, and arrives at his journey’s end 15 os 
sooner than B; at what rate did each walk ? 


14, A steamer goes a journey of 3240 miles: if it had gone 3 miles 


an hour faster it would have taken Ly days less: find the time the 
journey occupied. 


15, An ordinary train, fa. average as of whic is 15 ates an 
hour less than that of the express, takes 2 hours longer By By fa 
miles. What is the average speed of each train? 


16. Two men start at the same time to meet each other from 
towns which are 54 miles apart. ‘If one takes 3 minutes longer than 
the other to walk a mile, and they meet in six hours, how fast does 
each walk ? 


17. A sets out to meet B an hour oHee the latter starts to meet 
A from a town 38 miles away; when they meet, B, who has been 
walking at a uniform speed of half-a-mile per hour less than A, has 
gone 2 ‘miles further than A: find their rates of walking. 


18; A train goes.a journey of 120’ miles; after going half the 
distance at a uniform speed an accident occurs —— reduces the 


speed by 8 miles per hour, and the train arrives 225 minutes late : 
what was its original speed ? AS Rote Wey 
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_19. A cistern can be filled by two pipes in 3% minutes, if the 
larger pipe takes 4 minutes less than the smaller to fill the cistern, 
find in what time it will be filled by each pipe singly. 

20, Two pipes open together can fill a cistern in 92 minutes: if 
the smaller pipe takes 10 ininutes more than the larger to fill the 
cistern, find in what time it will be filled by each pipe singly. 

21, Acistern can be emptied by a pipe which takes 8 minutes 
more than the time required to fill the cistern by the supply pipe ; if 
the two pipes were left open when the cistern was empty, it would 
be filled in 30 minutes. Suppose the cistern were full, and the supply 
pipe closed ; in how many minutes would the cistern be emptied ? 

922, A fruiterer packs 420 oranges, half in boxes of a certain size, 
and the remainder in boxes holding 12 more each: if he requires 
12 boxes in all, how many does a box of each size hold? 

23, I bought a number of cricket balls for £3; if I had bought a 
cheaper sort costing 2s. apiece less, I should have had 15 more for 
the money: what did I pay for each? 

24, A man buys a number of articles for £1, and after losing 3, 
gets 25s. by selling the rest at 9d. apiece more than they cost ; how 
many did he buy ? SPE 

208. We now give two examples of a somewhat more 
difficult character, and these should be: carefully studied before 
the pupil attempts the miscellaneous problems in the exercise 
which follows. | . 

Example I, A tradesman bought a number of yards of silk for 
£9. 7s. 6d.; he kept 4 yards, and sold the rest at half-a-crown per 
yard more than he gave, thereby obtaining £1. 2s. 6d. more than he 

originally spent: how many yards did he buy? 
Let x be the number of yards bought. 


Then the cost price per yard is ° half-crowns. 
But the total selling price is £10. 10s., or 84 half crowns ; 


4 half-crowns ; 
x-4 


the gain per yard is ( isa * ”) half-crowns. 


the selling price per yard is 


But from the question the gain per yard is | half-crown. 


_ Thus : Bao nd 
x-4 2 

whence x? — 13x” — 300=0, 

or (x2 — 25)(7w+12)=0; 


x=25, or —12. 
Thus the number of yards bought =29. 
The negative value is inadmissible. 
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Example II. A man invests some money in 3 per cent. stock ; 
if the price were £15 more, he would receive 1 per cent. less for his 
money : at what price does he buy the stock ? 


Let x be the number of pounds he pays for each £100 share. 


Then, since £2 gains £3, the percentage on his fan ei . 100. 


x 
se PENN eae 
But, if the price were £(x +15), iS a i Seow a 100. 
; : _ 300 ~—-300 
Therefore the difference in the percentages=—— — > Tie. 
Thus oul a2 eed ; whence x=60, or —75. 
Go wa lo 


Thus the stock is purchased at 60. 
The negative value is inadmissible. 


EXAMPLES XXvV. b. 


1, A tradesman bought a number of yards of silk for £6. 15s. ; 
he kept 5 yards and sold the rest at 1s. 6d. per yard more than he 
gave, thereby gaining 15s. on his original outlay : how many yards 
did he buy ? 

2. A hawker buys a certain number of oranges for 5s., and retails 
them at 8 for 6d., thereby gaining as much as he paid for 25 oranges : 
how many did he buy? 


3, For £720 a man purchased some horses ; 3 of them died, and 
he sold the remainder at £6 apiece more than he gave, thereby 
gaining 5 per cent. on his outlay : how many horses did he buy ? 


4, Aman invests some money in 3x per cent. stock ; if the price 


were £15 less, he would receive 1¢ per cent. more for his money: 
what price does he pay for the stock ? 


5. A tradesman finds that by selling a book for 4s. 8d. his 
percentage of profit is the same as the number of pence the book cost 
him: what did he pay for it? 

The sum of the ages of a father and son is 80 years, also 
one-twelfth of the product of their ages in years exceeds the father’s 
age by 56. How old are they? 


7, If on New Year’s day each one of a family sends a card to 
each of the rest, and the postman delivers 156 cards, how many are 
there in the family ? 


8, The product of three consecutive integers, of which a certain 
number is the lowest, exceeds by 294 the product of three con- 
secutive integers of which that number is the highest. Find the 
number. 


xXv.] PROBLEMS LEADING TO QUADRATIC EQUATIONS. 213 


9. I bought a certain number of books for 30s.; if each book 
had been subject to a discount of 4d., I should have had three more 
for the money : find the cost of each. . 


10, If 6 fewer bottles of wine can be bought for £5 when th 
price is raised ten shillings per dozen, what is the original price ? 


11, A and S distribute £5 each in charity: A relieves 5 persons 
more than B, and B gives to each 1s. more than A. How many did 
each relieve ? 

12, How many pears are bought for ls., when 6 more for the 
money lowers the price 2d. a dozen? . 


13, The price of one kind of sugar is 1s. 9d. per stone more than 
that of another kind ; and 8 lbs. less of the first kind than of the 
second can be bought for £1. Find the price of each per stone. 


14, P sets out from London to meet Q, who starts at the same 


time from Maidstone, 35 miles distant. P walks 13 miles an hour 
faster than @, but after two hours stops at a friend’s house on the 


way for 14 hours; he then proceeds again, and meets Q half-way _ 
between London and Maidstone. Find the rate at which each 
walks. 


15, A person selling a horse for £37. 10s. finds that his loss per 
cent. is half the number of pounds that he paid for the horse: what 
was the cost price ? 


TEST PAPERS H. 


[For Examination Purposes towards the end of the second term of 
the School Year. | 
| z 
1,’ If a=7, b=1, 2c=5, find the numerical value of 
Jetee . Y2(8b~a) 
a—2b(a—3e+2) 3c+i 


2a? — 3b? - w+2a 
a+2b pak cae x — 3b’ 


and reduce the result to 


9. Substitute 


its simplest form. 
3. Find the square root of 4a° — 12a4 + 282° + 9a? — 42a +49. 
4, Solve(1) w2+y=4, (a+b)a+(a-—b)y=4a; 
(2) 962? =4x+4+ 15. 
5, I bought a horse and carriage for £90; I sold the horse at a 
gain of 12 per cent. and the carriage at a loss of 4 per cent., and 


gained on the whole 6 per cent. What was the original cost of the 
carriage ? 
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II. 


1, Find the product of Sa? -{2+6 and Sa -3 
Find the H.C.F. of 
Oat — 323 + 3x2 — 6a —-2 and 4a4- 6a? —3x-1. 
is : 4(a+1). is 5 (a + 2) 
3, Simplify (+3) {1+ See eet G 
Solve (1) e315 Gerke 40+9 , 
: 4 Folk Rood pan Be 
(2) ax+by=c, ata + b?y =c?. 


po 


=> 


5, A boat travels 180 miles at a uniform rate; if the speed had 
been 3 miles an hour more, the journey would have taken 3 hours 
less: find the rate of the boat. 


ITT. 
; ES \e 
1, Write down the value of @ ~ 50430") ¢ 
9, Simplify: (1) —_+ ; (2) aoe 
b 96 <b 1 
. = Pa ee e?+14+—35 
a Lean? og 7s 


3, Find the square root of a2—a—6ab+ 9b? + 3b+ A 


4, Solve the equations : 
(1) 5a%+4<¢-1=0; 
(2) y—1:2a= "By +1-8x=1°4. 
5, A man buys oranges for 8s. 4d. and retails them at 15 for 6d., 


thereby gaining as much as 60 oranges cost him. How many did he 
buy? . 


Se 
IV. 
1, When a=2, b=1, c= -—3, find the numerical value of 
be Seles 0 
es (q— 64 6) +e (a re). 
Jai boe ) Jone ‘) 


9. Aman who owes & half-crowns tenders a £5 note in payment, 
and receives as change 2x florins, 3% sixpences, and 4 shillings. 
Find the amount of the debt. 


3, Simplify @ + pene ) € es in). 


2_ 5mn — 24n? m* — 49n? 
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4, Solve the equations: 
(1) mene ai be (2) 2(x?-3x)=3-2z. 


5, A farmer bought some sheep for £72, and found that if he had 
received 6 more for the same money he would have paid £1 less for 
each. How many did he buy? 


V. 

1, Write down the square of a?-1 +a 
2, Find the product of 

(1) 2a?-3ab+5b? and 2a? - 3ab—5b?; 

(2) 1—-2a?, 1-2a?+4a4, 14+2a?, and 1+42a?+4a‘4, 
3, Simplify : . 

fy ee Nee ge Th 

Qart — 18x? + 52x? — 48a 

4, Solve the equations : 

(1) = a3 
(2) 5(x?-4x)=8 - 2a. 


5, The sum of the squares of two consecutive odd numbers is 74; 
find them. 


(@41)=e+1- 5 (52 +3); 


VI. 
1, Given 3a=1, 2y= —3, z= —4, find the numerical value of the 
following expressions : 
(1) 3+ ges OTE 
2, Resolve the following expressions into factors : 
(1) at+a%2+b!; (2) 6(z-1)2-a; (3) 102®-40ry?. 
3, Find the square root of x° + 6a° + 13244 4x? — 20x? — 16x + 16. 
4, Solve the following equations : 
(1) x(x-a)+x(u-b)=2(x-a)(x-b); 
(2) 1:35a+‘ly=122, ‘8a-2°5y=1°75. 
5, Find the fraction which becomes equal to + when its denomi- 


: . 3 . 
nator is decreased by 6, and becomes equal to — when its numerator 
and denominator are each increased by 124. 
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VII. 


1, A man is 42 years of age, and the sum of the ages of his three 
sons is 26. How many years ago is it since the joint ages of these 
sons was equal to half the father’s age? 


2. Find the L.C.M. of 2?+2a?-a2—-2, and 2?- 3x42. 
3, Simplify : 


(1) ae ir y AQ) 24a4 — 20a? — 24 
(w—y)(a+x) (y-x)(at+y)’ Sa + 6x2 — 12~-9 

4, Solve the equations : 
UG telesales OCP Ory ae 
(1) “(5 E)—geptab=0s (2) eed amas ak 


5, A man pays income-tax at 9d. in the £. Were his income 
increased 10 per cent., and the tax raised to 10d. in the £, his net 
income would be increased by £33. What is his income? 


VIII. 
1, Simplify 
oo ot ee \ ee a ak 2 2) | 
29 3(4 2?) 5 {40 5 (240 nue 


and divide the simplified expression by x +3. 


2, Shew that 2? (2-242)(w+242)(1 +3+a) = (#-4) 
x x Pra G3 ee 
3, Simplify : 
2 —a)? (x-—b)? 3a? — Qu? — x 
Go a ee eee 
4, Solve the equations : 
(1) cts ee ee 
etl 4(@+1) 3x+1 
(2) ax +by =o, cx —ay=b. 
5, What are eggs selling at when, if the price were raised three- 
pence a dozen, one would get four fewer in a shilling’s worth ? 


CHAPTER XXVI. 
MISCELLANEOUS QUADRATIC EQUATIONS. 


Quadratics with Literal Coefficients. 


209. The method of Solution by Factors can be applied to 


great advantage in the case of quadratics which contain literal 
coefficients. 


Examplel. Solve 2a?-ax+2bx=ab. 


Transposing, so as to have all the terms on one side of the equation, 
we have 


Qu? —ax+2bx —-ab=0. 


Now 2a? — ax + 2bx —ab=2(2u-a)+ b(2x%-—a) 
=(2x%-a)(x+5). 
Therefore (2a —a)(2+b)=0; 
whence 2x —-a=0, or x+b=0, 
a 
‘ w= 5, OF —b. 


Example 2. Solve 7(x+2a)?+3a?=5a(7a + 23a). 
Simplifying, 7a? + 28aa + 28a?+3a?=350x + 115a2; 


that is, 72x" — Jax — 84a?=0; 
x* —ax —12a?=0, 
or (7 — 4a)(~%+3a)=0; 


ax=4a, or — 3a. 


EXAMPLES XXVI. a, 


Solve the equations : 


1, «?-3axr+2a7=0. 2. x? +axr=6a?. 3, «2 -4ba=5b2. 

4, wx? +4e7=21c?. 5, 2? =dx+72d?. 6. x?=2ax+4+35a?. 

7, 207+ 5ax =3a?. 8, 32*+2c?=7cx. 9, 4d?=62?— 23dz. 
10, (2u+a)(x-2a) +2u(a+5a)=0. 11, (20 -3h)?=The —2(3k2 +22). 
12. ax? — ab? +b? =be?. 13, 2(x-a)?-ax=3a(a -2z), 


14, ax+4bx=2(x? + ab). 15. (a-b)x?=(a+b)x-2b. 
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Solve the equations : 


16. peas 17. zy tnt 8. 

- ae ee 1. ee 
20. zoo 91. — = <> . 
22. ee ee 93. ae (14g )a=+> 


Formation of Equations with given roots. 
210. It is now easy to form an equation whose roots are 
known. 
Example 1. Form the equation whose roots are 4and —3. 
Here x=A4, or Sse 
- g—4=0, or 7+3=0; 
both of these statements are included in 
(x —4)(~+3)=0, 
or x? —2 -12=0, 
which is the required equation. 


b 

Example 2. Form the equation whose roots are @ and — 3" 
2 b 

Here =O; OF ee ar 


#2 oe Cae OF n+o=0; 


the equation is (x — a) (« +3) mot 1 
that is, (2 — a)(8x 4+-b)=0, 
or 3a? — 3ax + ba —-ab=0. 


[See Hall & Knight’s Hlementary Algebra, Chapter XXXVI. ] 
EXAMPLES XXVI. b. 


Form the equations whose roots are 


Boe AB OE aD 5 os 3 oo. Pe 
203 5) 2 4. T 
Soar Oe oe ee Oy ae 

9. abs oe 10). Se; 30.0 Lk By fe 12, a+b, a-b 

b 3 4 p c 6|(Ud 

13, —(, oy 14 Ae ae 15. 2p, ~9 16. oa’ de 
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Solution of a Quadratic by Formula. 


911. From the working of the various examples by the 
methods already explained it appears that, after suitable re- 
duction and transposition, every quadratic equation can be 
written in the form 

ax? +br+c=0, 


where a, b, ¢ may have any numerical values whatever. If 
therefore we can solve this quadratic we can solve any. 


Transposing, an + br=—c; 
, b c 
aes aay As 
dividing by a, _ Bot NS ae 


Complete the square by adding to each side (eee its thus 


ee oe Bo. 
g+—r+( =) = 75--3 
a 


2a 4q? a 
ee ei 
that is, (2 “+ =) fs ere 


extracting the square root, 


Bb EM 4a0), 


aie Qa 2a 
_ —b+,/(b? — 4ac) 
ne RE FT 
Gr ies ney oe et 
Thus the roots are chs “= 4ac) and b me dae) 


212. We may now make use of this general formula for the 
roots of a quadratic ; and, in adapting it to the particular case 
in question, we have simply to substitute the values corre- 


sponding to a, 6, and ¢. 
Example. Solve 32?+5a-2=0. 


—~b+nb?— 4c 
Applying the formula SRA aha we here have a=3, b=5, 
c= -2, 
~54n/ (6-4. 3. (-2) 
|e SE Be a 
_54/25-(-24) -54+N49 -54]/ 1) 
a ne -=,or -2 
z 6 6 6 3 
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5 
9 paper ate 
Example 2. Solve x? 12" -§ 0. 


Here we eee at once employ the formula by putting a=1, 
but, by first clearing of fractions, we simplify the 


b= ~ [2 c= - i 
working. 
Thus we have 12x? —- 5a —-2=0. 
Here a=12, b= -—5, c= -2. 
(-D)bA (aye 4 es 
x - 
_54N254+ 96 _ 5+11 22 aks 
(2 teh a Das 4 


—b+,/(b? — 4ac) 
2a 


it must be remembered that the expression ,/(6?—4ac) is the 
square root of the compound quantity b?—4ac, taken as a whole. 
We cannot simplify the solution unless we know the numerical 
values of a, b,c. It may sometimes happen that these values 
do not make ?—4ac a perfect square. In such a case the exact 
numerical solution of the equation cannot be determined. 


213. In the result x= 


Exampl e. Solve x2?-3x-2=0. 


Here dot ba ohoe oe 
. ea Fe aa YY SR Ha iT BS 
ae 
ue 9+8 eae 


Since 17 has not an exact square ne this result cannot be 
simplified ; thus the two roots are 


TLCS GN 


Note. By finding the square root of 17 to sufficient decimal places 
we can find any required approximate values of the above roots; but 
when the numerical values of the unknown quantity are not re- 
quired, it is usual to leave the roots in the form given above. © 


XxVI.] MISCELLANEOUS QUADRATIC EQUATIONS, 221 


EXAMPLES XXVI., ec. 


By using the formula given in Art. 211, solve the following 
equations : 


1, 92? =10r F24=0. 9: “e256 =e. 3, 22-45-42. 
4, 27?=52 —3: 5, 6x22+10=17-. 6. 572+3=822, 
7, 12a7-28%+15=0. 8 2?-axr=20q2. 9, 152?+2ax =8a2. 


10, x?-52--2=0. ll, 2?-5x7+4=0. 12, «?+3x2+1=0. 


13, zx? -32=3, 14, 4e7= 154 x, 15, «x=4(a2-2), 

gig eae 2_ 10x 2,30 9 _ 
16. ut E> Ts ive la 18, w+ 56 id 0. 
19, 32?+bx=ab+3az. 20, 4x?-3dx=6cd - 8cx. 


TEST PAPERS K. 


[Yor Examination purposes towards the end of the School Year, 


: when the work has been revised.] 
1, What must be subtracted from 

| a® — 126° + 3ab? — ab — 11a2b4 + 5ab5 

_ to make it exactly divisible by a? - ab +3b2? 


3 2 
2. Find the square root of = - ae — 4x + 36. 
ee 2a? — 134 +18 
‘ mplify: (1 ; 
ee menty # (1) 2x° — 112?+ 32427 
2 1 l 3 5 
2 — 
Se Sara a iy ae aan 4 tae aa 


4, Solve the equations: 
(1) ax+by=ay-bae=a?+b?; (2) 922-1816: 
9, 2(x*-1) 15 wey 19 9 fx 5) 
(3) 4S (1-5) 418-9 (2-2), 
5. Aman bought a number of articles which he sold, half at 5 per 


cent, profit, and the rest at 4s. 6d. each. Tf he loses 25 per cent. on 
_ the whole, what was the cost of each article ? 


6. Divide 16 into two parts such that their product added to the 
sum of their squares may be 208. 
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II. 
NOR Wont Binet 7 Pr) Se | aga! 
1, Divide. A fn TR (1+4) 36? J + 36h 
m re 


9. Find the H.O.F. of 5¢+4432%+4a? and 2u°+a-24+52% 
3. Simplify : 


(1) oio-pia)+(y-a ae) 
op +p) \a-y «wty wry)’ 


(2) [ete 6 Cee et 2+ Gr +9 


eb 408 7x—-15 f (w@+1)(x—-2)(24+3) 
4, Solve the equations: 
(1) (a-¢)(x+b)+(a-b)(x@+0)=3(b- ec); 
Tx+3 5y-7 2x+3y-5 x+1 «+2 
2 i = 3 —— + —_= 
(2) 5 4 3 i) x+2 24+3 


5, Acertain number of persons paid a bill; if there had been ten, 
more, each would have paid 2s. less; if there had been five less, each 
would have paid 2s. 6d. more : find the number of persons and what 
each had to pay. 


5 
lye 


6, A runs at the rate of one mile per hour faster than B. He 
gives B a start of 88 yards in a mile race and beats him by 20 
seconds. Find the rate at which each runs. 


IIT. 


1, Shew that x+y and x-y are factors of the expression 
(ac — Qy?)8 + (2a? — y?)?, 
; 3 ee 4ax* ba? 16a 
2, Find the square root of hae 2ab + Sh OMe + 
3, Find the value of LS 


1) (+40 +3) (abu + 8) , 9) 3a 30% ab? — PF 
iy (x +x -6) (a? +x)” ) 5 baer E , 


02 — y? — 22 ( 1 1 
(3) (14 Dyz )x syotmesy) 


4, Solve the equations: 


ay L-{L fa-z-m)h=}-{7-30-a-D} 
(2) 150x2=299a +2 ; (3) 2a(8e—-2a)=a(x- a). 
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5, There are two numbers of which the sum is 70. If the first be 
divided by the second the quotient is 2 and the remainder 1. Find 
the numbers. 

6, A man bought some pigs for £4. 16s., and sold them again 
at 13s. 6d. per head, gaining by the transaction as much as one pig 
cost him. What number did he buy ? 


IV. 
1, Write down the values of 
(1) (14504527) 5 (2) Lee ‘ 
7 ee ; Bee ale 
2, If x+3 divides 3z?-—x—-6a without remainder, find the value 
of a, 
3, Simplify : 
ipa 
1 a m-n .m+n 
Bee i i I 
]1-——_ _ ]-=- Mm —- — 
l-a ] m+n n 
LL — 
1—a\ 


4, Solve the equations : 
75 - Zh 2 28 


OE eae kn ee 
3(a+1)'5(8a+2) +1”? 


1 
2) Fy-Bn)+5(w+y)=3, — Z(8y-2e)-z(u-y)=6; 


(3) aa —b?=(x —b)(aw+ bx + b?). 

5. Divide £64 among three persons so that the first may have 
three times as much as the second, and the third one-third as much 
as the first and second together. 

6. A and B set out together along a road at the rate of 35 and 3? 
miles per hour respectively ; 3 hours later C’ starts from the same 
place, and overtakes B two hours after passing A. Find C’s rate of 
travelling. ; 


WP 
—b a b 
1, Find the numerical value of eats A\2-7 - =; when 8a=1, 
and 2b= - 1, 
2, Find th Ob, ue oe Aad ee 
. Find the square roo Pp by Bz 5502 Ves toe 
3, Simplify : 
(1) (ab—a—b+1)(ab+a+b+]) , Oye at ah 2 
(ab — 2a +b — 2)(ab —a — 2042)’ a — Qut — Qu? + a? +6 


2 8 
0) (x9) ery AB) fav 22). 
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4, Solve the equations : 


(1) mes 3 (5-5) =05 (2) x=6(1-2x2); 


(3) Qn-8y+2+1=5e-32-6=382%+2y-42=0. 


5, If two numbers are each divided by their G.C.M. the quotients 
are 2 and 5; if both the numbers are increased by 13, and then 
divided by their G.C.M., the quotients are 9 and 16. Find the 


numbers. 


6. Adealer sells a quantity of eggs. If he had sold 125 dozen 
more at one penny a dozen less, or if he had sold 100 dozen less at a 
penny a dozen more, he would have received the same amount for 
his eggs. Find the number of dozens and the price per dozen. 


VI. 
1. Shew that v(a+1)(2+2)(a+3)+1=(x?+3x+1)?. 


9. Resolve into factors : 


(1) wt aes (2) Saya: (3) 4.02 — 65a +126. 
3. Simplify : 
3 
aoe 142 14% . 
(1) <5 x ey 5 (2) — 
Eres Na A a c+ 3 
Pry y a 


4, Solve the equations : 


(1) v2 +1l0r+26 9(a—1)_2®+10e+22 15x—47, 
“+5 B24 e438 32-10 ’ 


(2) (a-b)x=(at+b)y, -a+y=c; (3) 120%-12%=45. 


5, A man walks half the distance from A to B at the rate of a 
miles an hour, and the other half at 6 miles an hour. If he had 
ridden at the uniform rate of ¢ miles an hour he could have covered 
the distance from A to B and back again in the same time. Prove 
that 4ab=c(a+)). 


6, A number of persons pay a bill of £19. 13s. Od. If there were 
four persons fewer they would have to pay 3s. a head more. How 
many persons are there? 
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AO Die 
j, Simplify a7(b-c)+b?(c—a)+c?(a-—b)+(b-c)(c-a){a—-b). 
2, Find the H.C.F. of 
224 — 327+ 42?-9x-6 and 423 -9a?+4 12x - 27, 


and write down these expressions in factors. 


3, Find the value of geste 


LR Sen b ne Va Pee Ca a 
NOEL ES irae Bi) regal Oe (share ed K) pe 


and (a+b)z=1. 
4, Solve the equations: 


6x —7 
(1) 9 


+2-3h = 3 + (4a llck); 


ai = li — 4a —5 Y, | 
3910, Sys” 
Q4+5 3 2w+7 
@) 39-914" 30-4 
5, Of the candidates in a certain examination 64 per cent. passed. 


Tf there had been 11 more candidates, 9 of whom failed, the successes 
would have been 62°5 per cent. : how many candidates were there? 


(2) x-4y=7, 


6, There is a number whose three digits, from left to right, are 
in descending order of magnitude and differ from each other in 
succession by the same amount. If the number be divided by the 
sum of its digits, the quotient is 70; and if from the number 
396 be subtracted, the digits of the difference are the same as in 
the original number, but in reverse order ; find the number. 


VIII. 


1, Find the value of (a—b-—c)?-4bc; observe the form of your 
result, and then resolve x4+ y4 +24 — 2x°y? — 2y?z* — 22*2® into factors. 


2, Find the square root of (2a? — 5x - 3)(4a:? + 12a + 5)(2x* — x — 15). 
3, Simplify 
ax+ab ~ ab 
ax-a* x+(a+b)x+ab, _ c ao 
bat ab” w—(atbyetab’ > Plate) bx 
Cx C 
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4, Solve the equations : 
(1). 2(8—x) 100-132 ae 


2-3 Oe AO ea? 


— 
—_ 


1 
5 (4x + Sy) =20(" —y), g (4% - 2y) + 2y=53 
— Qe+5 Qe-5 40-5 4 
CD me Oi vane lat ae 


(3) 


5. A letter carrier has a hours allowed him for going from A to B 
and back again, including ¢ hours for a rest at B; but he finds that he 
can get b hours for rest by going d miles an hour faster each way : 
find his ordinary speed and the distance from A to B. . 


6. The bricks in a certain rectangular stack are re-arranged so 
that its height is doubled, and its length and breadth diminished by 
2 yards and 4 feet respectively. The length, breadth, and height of 
the stack are then all equal. What were its original dimensions? 


IX. 
1. Shew that 
(Qa — 1) (2a — 3){Qa ~ 5) (2a —7) = (4x? - 16a + 11)?- 16. 
9. Find the value of 
(at+b+cy+(at+b —c??+(a—b+c)?+(b+ce-a). 
Find the square root of 2 (24) ras ( ] +f) +4. 
y y x 4c 
Solve the equations : ) 
4:05 5) 1° 3°6 


1 Se pa Se eS 
(1) Or 82a tn 22a Or 
DAE EE is el) Lich ee 2 
DY Pa a Sel a aie ees 3 
au aty 4 3° y 3 (3) ab x 2(a+b)+% 


5, wo passengers have together 5 cwt. of luggage, and are 
charged for the excess above the weight allowed 5s. 2d. and 9s. 10d. 
respectively ; if the luggage had all belonged to one of them, he would 
have had to pay 19s. 2d. Find how much luggage each passenger is 
allowed without charge. 


6, The area of a rectangular piece of carpet is 168 square feet ; 
that of another, which is 3 feet longer, and 2 feet broader, is 238 
square feet,: find the length and breadth of each carpet. 


HASY GRAPHS. 


_ Application to Simultaneous Equations. 


214. Whensthere is only one simple equation connecting w and 
y, it is possible to find as many pairs of values of # and 7 as we 
please which satisfy the given equation. We now see that this 
is equivalent to saying that we may find as many points as we 
please on any given straight line. If, however, we have two 
simultaneous equations between x and y, there can only be one 
pair of values which will satisfy both equations. This is 
equivalent to saying that two straight lines can have only one 
common point. 


Exampeie. Solve graphically the equations 
(i) 8y—x=6, (ii) 3~¥+5y=88. 
In (i) the intercepts on the axes are —6, 2. Thus the line is 
found by joining P (-6, 0) and P’ (0, 2). 
In (ii) when x=1, y=7, and when y=1, x=11. 
Thus the line is found by joining Q (1, 7) and Q’(11, 1). 
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It is seen from the diagram that these lines intersect at the point 
R whose co-ordinates are 6, 4. Thus the solution of the given 
equations is x=6, y=4. 

The pupil should verify this result by solving the equations 
algebraically by any of the methods applicable to simultaneous 


equations. 


215. It will now be seen that the process of solving two linear 
simultaneous equations is equivalent to finding the coordinates 
of the point at which their graphs meet. 


228 ALGEBRA. 
ExaMpLe. Draw the graphs of 
(i) 5a+6y=60, (ii) 6y—a=24, (inl) 20 y= 713 
and shew that they represent three lines which meet in @ pownt. 
In (i) when y=0, «=12; when x=0, y=10. 


Thus the intercepts on the axes are 12 and 10, and the graph is 
the line PP’. 3 


In (ii) when x=0, y=4; when x=12, y=6, and the graph is the 
line joining Q (0, 4) to Q’ (12, 6). 


In (iii) when 2=0, y=-73 when «=8, y=9, and the graph is 
the line joining R (0, —7) to R’ (8, 9). 
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From the diagram it is evident that these three lines all pass 
through the point S whose coordinates are 6, 5. 


SIMULTANEOUS EQUATIONS. 229 


216. Two simultaneous equations lead to no finite solution 
if they are inconsistent with each other. For example, the 


equations v+3y=2, 37+9y=8 


are inconsistent, for the second equation can be written x + 3y = 23, 
which is clearly inconsistent with 7+3y=2. The graphs of 
these two equations will be found to be two parallel straight 
lines which have no finite point of intersection. 


Again, two simultaneous equations must be independent. 
The equations 4e+3y=1, 16¢-+12y=4 


are not independent, for the second can be deduced from the 
first by multiplying throughout by 4. Thus any pair of values 
which will satisfy one equation will satisfy the other. Graphi- 
cally these two equations represent two coincident straight lines 
which of course have an unlimited number of common points. 


EXAMPLES G. 7. 


Solve the following equations graphically : 


1. y=2r+3, 2, y=sr+4, 3. Y=4n, 
y+u=6. y=x +8. 2e+y=18. 
4, 2u-y=8, 5, 3”2+2y=16, 6. 6y-—57=18, 
4a +3y=6. 5a — 3y= 14. 4x = 3y. 
te ae by=O, 8. 2e-y=3, 9, 2y=5x+15, 
— 5y=15. 3y — 4x=12. 

y= (0+5). dibs ih ae 


10. Shew that the straight lines given by the equations 
Qy=5a+65, 5a+2y+10=0, 2+3y=11, 
meet ina point. Find its coordinates. 
11. Prove by graphical representation that the three points (3, 0), 


(2, 7), (4, 7) lie on a straight line. Where does this line cut the 
axis of y? 


12. Draw the graphs of the equations : 
3°4e4+5y=17, x-y=0'8, y- 0°5a=0°45 ; 
and shew that they all pass through one point. 
13. Draw the triangle whose sides are represented by the 
equations : By-a2=9, e+ Ty=11, 3r+y=13; 
and find the coordinates of the vertices. 
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217. We shall now give some graphs of functions of higher 
degree than the first. 


Exameire. Draw the graph of y=x°. 


This is one of the most useful and interesting graphs the pupil 
will meet with; it is, therefore, important to plot the curve carefully 
on a suitable scale. 


Take 0°4 of an inch as unit for x, and 0°1 of an inch for y, then 
positive values of a and y may be tabulated as follows : 


z|o[osji]is|2| 2 


oan 


1 | 2-25 | 4 | 6-25 | 9 [12-25 | 16 | a 


Now if we take the following negative values of x 
Bly ly sy Dei 200, a Bye Oe oe 


we shall obtain the same series of values for y as before. 


If the points we have now determined are plotted and connected 
by a continuous line drawn freehand, we shall obtain the curve 
shewn in Fig. 13. This curve is called a parabola. 


There are three facts to be specially noted in this example. 


(i) Since from the equation we have «= +n/y, it follows that for 
every value of the ordinate we have two values of the abscissa, 
equal in magnitude and opposite im sign. Hence the graph is sym- 
metrical with respect to the axis of y; so that after plotting with 
care enough points to determine the form of the graph in the first 
quadrant, its form in the second quadrant can be inferred without 
actually plotting any points in this quadrant. At the same time, 
in this and similar cases beginners are recommended to plot a few 
points in each quadrant through which the graph passes. 


(ii) We observe that all the plotted points lie above the axis of x. 
This is evident from the equation ; for since x? must be positive for 
all values of x, every ordinate obtained from the equation y=2* 
must be positive. 


In like manner the pupil may shew that the graph of y= - x” 
ig a curve similar in every respect to that in Fig. 13, but lying 
entirely below the axis of «. 


(iii) As the numerical value of a increases that of y increases very 
rapidly. Hence, as there is no limit to the values which may be 
selected for a, it follows that the curve extends upwards and out- 
wards to an infinite distance in both the first and second quadrants. 
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ExamMpie. Draw the graph of y=3-4x-4x?. Thence find the 
roots of the equation 4x2+4x-3=0. Shew that the expression 
3-—4x—4x? is positive for all real values of x between 0°5 and —1°5, 
and negative for all real values of x outside these limits. Also jind 
the greatest numerical value the expression 3— 4x — 4x? can have. 


Take the unit for x four times as great as that for y, and use the 
following table of values : 


eho lat [os | 0 |-05| -1|-15| -2 25 
ae ra) alo al cele 2 ite [as 10 
Leg -9|-4|-1 0 | -1 | -4| -9 | -16 25 
y |-m|-2)-s|o|3] 4 | 3| 0 | -s | 
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To solve the equation 4x2+4a-—3=0 graphically we proceed as 
follows: the required roots are the values of « which make 
4c2+40-3 equal to 0. But since y=3-4x-42?, the values 
required are those which make y=0. These are found at the 
points M and M’ where the curve cuts the x-axis. Thus the 
required roots are 0°5 and —1°5. 


GRAPHS OF THE SECOND DEGREE. O38 


Again between the points M and M’ the graph lies above the 
x-axis ; that is, the value of y, or 3-4 — 422, is positive so long as 
x lies between 0°5 and - 1°5, and is negative for other values of x. 

The maximum value of the expression 3 - 4a — 4x? is the value of 
the greatest ordinate in the graph, namely 4. 


Nore. In the graph of y=2? (Fig. 13) it will be noticed that as 
we pass from right to left along the curve the ordinate is constantly 
decreasing until it becomes zero at O; after this the ordinate 
begins to increase. The point at which this change takes place in 
a graph is known as a turning point. Thus the origin is a turning 
point of y=2. Again in Fig. 14 there is a turning point at the 
point (-—0°5, 4). 

There is always a maximum or minimum value of the ordinate 
at a turning point. 


EXAMPLES G. 8. 


1, Draw the graphs of (i) y=2?, (ii) y=82?. 

In (i) take 0°4”’ as unit for x, 0-2” as unit for y. 

BAI) 2202. | MG EGA priv es Rete = bas cudiss y. 

2. On the same scale as in Ex. 1. (ii) draw the graph of y= 16x”. 

3. Plot the graph of y=2?, taking 1 inch as unit on both axes, 
and using the following values of x. 

—0°4, —0°3, -0:2, -0°1, 0, 071, 0°2, 0:3, 0°4. 
4, Draw the graphs of 


"i sie a 
(i) y2= -—4a; (1i) y=2u- 75 (iii) yay tu-2. 
In each case give the coordinates of the turning points. 
5, Shew (i) graphically, (ii) algebraically, that the line y=2x-3 


meets the curve y= 7 +a2-2inone pointonly. Find its coordinates. 


6. Find graphically the roots of the following equations to 2 places 
of decimals : 


(i) 40-205 (ii) 2?-2~=4; (iii) 4a? - 16~+9=0. 
7. Find the minimum value of x2?-2x-4, and the maximum 


value of 5+ 4x — 2x. 


8. Shew graphically that the expression x*-—2a-8 is negative 
for all values of x between —2 and 4, and positive for all values of x 
outside these limits. 


234 ALGEBRA. 


Miscellaneous Applications of Graphs. 


218. When two quantities w and y are so related that a 
change in one produces a proportional change in the other, their 
variations can always be expressed by an equation of the form 
y=ax, where a is some constant quantity. Hence in all such 
cases the graph which exhibits their variations is a straight line 
through the origin, so that in order to draw the graph it is only 
necessary to know the position of one other point on it. Such 
examples as deal with work and time, distance and time (when 
the speed is uniform), quantity and cost of material, principal 
and simple interest at a given rate per cent., may all be 
illustrated by linear graphs through the origin. 


Examete 1. At 8am. A starts from P to ride to Q which is 48 
miles distant. At the same time B sets out from Q to meet Acs dt A 
rides at 8 miles an hour, and rests half an hour at the end of every 


° 


hour, while B walks uniformly at 4 miles an hour, find graphically 
(i) the time and place of meeting ; 
(ii) the distance between A and B at 11 a.m.; 
(iii) at what time they are 14 miles apart. 


In Fig. 15, on the opposite page, let the position of P be chosen 
as origin ; let time be measured horizontally from 8 a.m. (1 inch to 
1 hour), and let distance be measured vertically (1 inch to 20 miles). 


In 1 hr. A rides 8 mi.; therefore the point D (1, 8) marks his 
position at 9 a.m. In the next half-hour he makes no advance 
towards Q; therefore the corresponding portion of the graph is 


DE. The details of 4’s motion may now be completed by the 
broken line PDEFGHKX. 


On the vertical axis mark PQ to represent 48 mi. and mark the 
hours on the horizontal line through Q. At 9 a.m. B has walked 
4 mi. towards P. Measuring a distance to represent 4 mi. down- 
wards we get the point R, and QR produced is the graph of B’s 
motion. It cuts 4’s graph at X. Hence the point of meeting is X, 
which is 28 mi. from P, and the time is | p.m. 


The distance between A and B at any time is shewn by the 
difference of the ordinates. Thus at 11 a.m. their distance apart is 
MG, which represents 20 mi. 


Lastly, NT represents 14 mi.; thus A and B are 14 mi. apart 
at 11.30 a.m. 


MISCELLANEOUS APPLICATIONS. 
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219. In examples of this type the advantage of the graphical 
method lies in the fact that a graph records a number of 
allied results which can be interpreted at a glance instead of 
making each a subject of separate calculation. For example, 
the diagram on the preceding page gives the relative positions 
of A and B at any time between 8 a.m. and 1 p.m. 


Exampue 2. A can beat B by 20 yards in 120, and B can beat C 
by 10 yards in 50. Supposing their rates of running to be uniform, 
find graphically how much start A can give C in 120 yards so as to 
run a dead heat with him. If A, B, and C start together, where 
are A and C when B has run 80 yards ? 


In Fig. 16 distance is measured on the horizontal axis (1 inch to 
40 yards). OY is taken on the vertical axis of any convenient 
length and represents the time taken by A to run 120 yards. 


In the same time B and C would run 100 yards and 80 yards 
respectively. Hence the graphs of the three runners are found by 
joining O to the points marked A, B, C in the figure, and it is 
evident that A can give Ca start of 40 yards in 120. 


Fic. 16. 


Find the point Q on OB which corresponds to an abscissa 80 
yards, and draw a horizontal line cutting OC, OA in R and P; 
Then the distances run by C and A when 8 has gone 80 yards are 
given by the abscissae of R and P. 


Thus A was 16 yards ahead, C' 16 yards behind. 
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EXAMPLES G. 9. 


1, By measuring time along OX (1 inch for 1 hour), and distance 
along oY (1 inch for 10 miles) shew that a line may be drawn from 
O through the points (1, 8), (2, 16), (8, 24), ... to indicate distance 
travelled towards Y in a specified time at 8 miles an hour. 


A starts from London at noon at 8 miles an hour ; two hours 
later B starts, riding at 12 miles an hour. Find graphically at 
what time and at what distance from London B overtakes A. At 
what times will A and B be 8 miles apart? If C, starting at 
3 p.m., rides after B at 15 miles an hour, find from the graphs 


(i) the distances between A, B, and Cat 5 [Ss Bae 
(ii) the time when C is 8 miles behind BR. 


2. With the same conditions as in Ex. 1, shew how to draw 
a line from Y to indicate distance travelled from Y towards O at 
6 miles an hour. 


If O and Y represent two towns 45 miles apart, and if 4 walks 
from Y to O at 6 miles an hour while B walks from O to Y at 
4 miles an hour, both starting at noon, find graphically their time 
and place of meeting. 


Also read off from the graphs 
(i) the times when they are 15 miles apart ; 
(ii) B’s distance from Y at 6.15 p.m. 


3, At noon A starts to walk at 6 miles an hour, and at 1.30 p-m. 
B follows on horseback at 8 miles an hour. When will 5 overtake 
A? Also find 
(1) when A is 5 miles ahead of B; 


(ii) when A is 3 miles behind B. 


4, li two men starting at noon, 60 miles apart, ride towards 
each other at 12 miles and 9 miles an hour respectively, find graphi- 
cally when they are first 18 miles from each other. Also find (to 
the nearest minute) their time of meeting. 


5. Two bicyclists ride to meet each other from two places 
95 miles apart. A starts at 8 a.m. at 10 miles an hour, and B 
Starts at 9.30 a.m. at 15 miles an hour. Find graphically when and 
where they meet, and at what times they are 37} miles apart. 


6. A and B start at the same time from London to Blisworth, 
A walking 4 miles an hour, B riding 9 miles an hour. : B reaches 
Blisworth in 4 hours, and immediately rides back to London. After 
2 hours’ rest he starts again for Blisworth at the same rate. How 
far from London will he overtake A, who has in the meantime 
rested 6} hours ? 


R.B.A.N.M’s 


7, At what distance from London, and at what time, wiry 
crain which leaves London for Rugby at 2.33 p.m., and goes at t 
rate of 35 miles an hour, meet a train which leaves Rugby 


| 


1.45 p.m. and goes at the rate of 25 miles an hour, the distancs+ | 


between London and Rugby being 80 miles? 


Also find at what times the trains are 24 miles apart, and how 
f . apart they are at 4.9 p.m. 


g A, B, and C run a race of 200 yards. A gives B a start of 
8 yards, and C starts some seconds after A. A runs the distance in 
95 seconds and beats C by 40 yards. B beats A by 1 second, and 
when he has been running 15 seconds, he is 48 yards ahead of C. 
Find graphically how many seconds C starts after A. Shew also 
from the graphs that if the three runners started level they 
would run a dead heat. [Take 1 inch to 40 yards, and 1 inch to 
10 seconds. ] 


9, A cyclist has to ride 75 miles. He rides fora time at 9 miles. 
an hour and then alters his speed to 15 miles an hour covering the 
distance in 7 hours. At what time did he change his speed ? 


10. A and Bride to meet each other from two towns X and Y 


which are 60 miles apart. A starts at 1 p.m., and B starts 
36 minutes later. If they meet at 4 p.m.,and A gets to Yat 6p.m., 
find the time when B gets to X._ Also find the times when they are 
22, miles apart. When 4 is half-way between X and Y, where is B? 


11. A, B, and C run a race of 300 yards. A and C start from 
scratch, and A covers the distance in 40 seconds, beating C by 
60 yards.. B, with 12 yards’ start, beats A by 4seconds. Supposing 
the rates of running in each case to be uniform, find graphically the 
relative positions of the runners when B passes the winning post. 
Find also by how many yards B is ahead of A when the latter has 
run three-fourths of the course. 


12. A party of tourists set out for a station 3 miles distant and 
go at the rate of 3 miles an hour. After going half a mile one of 
them has to return to the starting point ; at what rate must he now 
walk in order to reach the station at the same time as the others ? 


13. A motor car on its way to Bristol overtakes a cyclist at 
9 a.m.; the car reaches Bristol at 10.30 and after waiting 1 hour 
returns, meeting the cyclist at noon. Supposing the speeds of car 
and cyclist to be uniform, find when the cyclist will reach Bristol. 
Also compare the speeds of the car and cyclist. 


14. Two trains start at the same time, one from Liverpool to 
Manchester, and the other in the opposite direction, and running 
steadily complete the journey in 42 min. and 56 min. respectively. 
How long is it from the moment of starting before they meet? 
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